Solutions to Problem Sheet 7

1. Mixture model and latent variables

Let (a,b) € (R%)?, (mg,m1) € R?, (09,01) € (R%)? be known and fixed. Consider the following
Bayesian scheme: the prior distribution on 6 is IT = Beta(a, b). Given 8 = 6, the observations

X = (X1,...,Xn) are i.i.d. according to the Gaussian mixture with density
1 —lmme? R
po(x) = (1= 0)po(z) + 01(2) = (1 - 0) x ——=e >0 +0x e i
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(a) Determine the posterior distribution, i.e., II(0]|X). Is it a standard distribution?

Solution: Denoting as usual 7(0|X) as the density of the posterior distribution, we
have
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which is not a standard distribution. In particular, it is not a Beta distribution. In
other words, the family of Beta distributions is not conjugate for the Gaussian mixture
model.

(b) Consider the following hierarchical Bayesian scheme: the prior distribution on 8 is still
II = Beta(a,b). Then, given 8 = 0, the variables Z = (Z1,..., Zy) € {0,1}* are i.i.d.
according to the Bernoulli distribution Ber(#). Finally, given Z = z and 8 = 0, the
observations X = (X7,..., Xy) are independent with

2
7T(Xj|Z = Z,H = 0) = 7T(Xj|Zj = zj,O = 0) = 7T(Xj|Zj = Zj) :N(mzj,azj).

The random variables Z; are called latent variables (because they are unobserved).
i. Prove that, given 6, the observations X all have the same distribution (corresponding
to the Gaussian mixture model from Question 1) and are independent. What do you
deduce for the posterior distribution II(8|X) of this hierarchical Bayesian scheme?

Solution: The joint distribution of (Z,X) | 8 is given by n(X | Z,0)n(Z | 0),

which is also equal to
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using the conditional independence of the observations Xi,..., X, given Z and

6. Integrating over the latent variables Zy,...,Zy | 6 S Ber(60), we obtain that

the density of X | 8 is given by
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proving that observations X all have the same conditional distribution pg and

are comnditionally independent. Hence, the posterior distribution II1(8|X) is the
same as in Question 1.

What is the distribution of 8 given Z7 What is the distribution of 8 given (Z,X)?

Solution: We are dealing with a classical Bayesian scheme where the prior on 6
is a Beta distribution and, given 8, the Z; are i.i.d. Bernoulli with parameter 6.
Thus, the law of 8 given Z admits a density:

m(0]Z) o 071 (1 — )" 1150 ((0 Hez (1—0)!
_ 9a+NZN—1(1 . 9)b+N NZN 11]0’1[(9)’
which means that
[(0|Z) = Beta(a + NZy,b+ N — NZy).
For the distribution of @ given (Z, X), let f(0,z,x) denote the joint density. Then,
7012, %) = (612, %) o £(6,2,%) = [(0)F(216) (x]2, 0).
By construction, f(x|z,0) = f(x|z), which does not depend on 6, so we have
7(0|z,x) o< f(0)f(z|0) x w(0|z).

That is, 7(0|Z, X) = 7(60|Z). Intuitively, if the latent variables Z; are known, the
observations X; provide no additional information about 6.

What is the distribution of Z; given (8,X)?

Solution: By applying Bayes’ theorem directly to the joint density of the observa-
tions X and the latent variable Z; given 6, we compute the conditional probability
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for Z; = 1. We first expand the likelihood p(X | Z; = 1,0) using the chain rule
of probability.

Given 0, the tuples (X, Z;) are conditionally independent.Therefore, this justifies
simplifying p(X; | Xj<i, Z1 = 1,0) to p(X; | @) below. We apply the same logic
to expand the marginal likelihood p(X | @) in the denominator using the law of
total probability over Z; € {0,1}.

pX|Z1=1,0)P(Z1=1]0)
p(X ]86)

p(X | 21 =1.0) (T, p(Xi | Xj<ir 21 = 1.0)) P(Z1 =1 6)
(X[ 6)
. p(X1| 20 =1,0) (T1,p(X: 1 6)) 0
p(X1 |2 =0,0) (T, p(X: 16)) (1= 0) + p(X1 | Z1 = 1,6) ([, p(Xi | 0)) 0

0¢1(X1)
(1—=0)po(X1) + 091 (X1)

P(Z,=1]6,X) =

Since Z; € {0,1}, it follows a Bernoulli distribution with the derived parameter:

01 (X1)
4118, X ~ Bex <(1 —0)do(X1) + 0¢1<X1>> '

iv. What is the distribution of Z; given (60,X, Zs, ..., Zn)?

Solution: For the same reasons as previously, we have:

Zl‘eaX>Z27"'7ZN ~ Z1|07X ~ Zl‘eaXl-

v. Deduce a Gibbs sampler allowing to construct, given X, a Markov chain ((0,,,Z,,))n>0
admitting as a stationary distribution the posterior distribution of the pair (0, Z), i.e.,
Distribution((8, Z)|X).

Solution: We start from an arbitrary initial condition (8¢, Zy). Given (0,,,Z,) =
(0,2), a step of the sequential Gibbs sampler functions as follows:

e Simulate 6 ~ Beta(a + NZy,b+ N — NZy).

: 0 (X
Simulate Z] ~ Ber ((1—9')¢0()é1()+19)’¢1(X1)>'

: 0'$1(Xn)
Simulate Z; ~ Ber ((179,)¢0(X1N)J$,¢1(XN)).

Set <0n+17 Zn+1) = (QI,Z,).
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vi. Is the sequence of random variables (6,,) a Markov chain?

Solution: Yes, and this is a general result for the Gibbs sampler. In our particular
case, 0,41 is obtained by simulation of a Beta law whose parameters depend on
Z.,, and the vector Z,, is itself obtained by simulations of Bernoulli variables whose
parameters depend on 6,,. Consequently, one can write 0,1 = f(0,,U,+1) for
an ii.d. sequence Uy, proving that (6,,) is a Markov chain.

2. Variational Inference for Robust Regression

In standard linear regression, the assumption of Gaussian noise makes the model highly sensitive
to outliers. To overcome this issue, a Student-t distribution is often used to model the noise,
which corresponds to robust regression. This model can be elegantly formulated using latent
variables.

Consider a dataset with covariates X € RV*P and continuous responses y € RY (where x; € R?
denotes the i-th row of X). We assume the following generative hierarchical model:

e Prior on the weights: 3 ~ N(0,X)), with ¥ a fixed symmetric positive-definite
covariance matrix.

e Latent precision variables: For each observation i € {1,..., N}, we introduce a local
precision 7; ~ Gamma(§, §), where v > 0 is the known and fixed number of degrees of
freedom.

e Conditional likelihood: Given B and 7;, the observation y; follows a normal distribution:

1
p(yilxi, B,7) =N <y¢;XiT[3, T) .

(2

(a) Write down the expression, up to an additive constant, of the joint log-density log p(y, 3, 7|X),

where 7 = (11,...,7n). Briefly explain why the exact posterior distribution p(3, 7|y, X)
(and its marginal p(Bly, X)) is analytically intractable.

Solution: The joint log-density expands as:

N N
logp(y, B, 7|X) =logp(B) + Y logp(r:) + Y _ log p(yilxi, B, 7).
i=1 i=1

Dropping constants with respect to 3 and 7, we get:

log p(y, B,71X) o« — 3687518 + > ((5-1)1087 - 57)
=1

The exact posterior is intractable because the interaction term 7;(y; — x7 3)? closely
couples B and 7. Integrating over either variable does not yield a standard closed-form
distribution, meaning the normalization constant cannot be computed analytically.
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b) We want to approximate the true posterior with a factorized variational distribution
pp p
(mean-field approach) of the form:

N

9(8,7) =B [ [ a(m).

i=1

Recall the general expression of the optimal pseudo-density ¢*(83) derived from the Co-
ordinate Ascent Variational Inference (CAVI) algorithm as a function of the expectation
over the other latent variables.

Solution: The general CAVI update states that the optimal variational distribution
for a set of variables is proportional to the exponentiated expected log-joint density,
where the expectation is taken over all other variables. Thus:

7*(8) o exp (Ey(r)[log p(y, B, 7X)]) .

(c) Applying this formula, show that the optimal variational distribution ¢*(3) is a multi-
variate Gaussian N (ppy, X ). Explicitly express the precision matrix ZZ_Vl and the mean
vector py as a function of 3o, X, y, and the expectations E,(,)[7i].

Solution: Using the joint log-density expression and isolating terms that depend on
B:
N

s 1N T2
2,6 20 B 2;7-1(% X ﬂ)

log ¢*(B) = Eq(r) + const

N
1 _ 1
- _§6T20 8- 92 Z Eln(y] — 2yix] B+ B xix] B) + const
i=1
1 N N
— —§,BT (201 —|— ZE[TZ]XlX?) B + ﬁT (Z ]E[Tl]ylxz> —|— Const'
i=1 =

This is the exponent of a multivariate Gaussian. Matching the coefficients of 3, we
define a diagonal weight matrix W = diag(E[r],...,E[rn]). Then:

=3+ XTwWX

py = Sy X Wy = (35" + XTWX) ' X"Wy.

(d) Similarly, determine the form of the optimal variational distribution ¢*(7;) fori € {1,..., N}.
Show that it is a Gamma(a;, b;) distribution and give the expressions for its shape param-
eter a; and rate parameter b;.

Solution: Applying the CAVI update for 7;, we isolate terms in the joint log-density
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that depend on 7;:

1 i
log ¢*(7i) = Ey(g) [(; — 1) log 7; — %Ti + 5 log7; — %(yz - XZTB)Q} + const

1 1
- <VJ2r N 1) log7i —7i <; + §Eq([3)[(yi - X@TIB)2]> -+ const.

We recognize the log-density of a Gamma distribution Gamma(a;, b;), where:

v+1
a; =
2
v 1 T 9
b; = 5t iEq(B)[(yi —-x; B)7).

(e) Recall that for a variable Z ~ Gamma(a,b), its expectation is E[Z] = a/b, and for a
random vector V ~ N (u, 2), the expectation of a scalar quadratic form is E[(c?V)?] =
(c"u)? + c"Sec. Using these facts, summarize in a few lines the steps of an iterative
algorithm to jointly optimize the parameters of ¢(3) and ¢(7;) until convergence.

Solution: 1. Initialize the expected precisions E[r;] =1 for all ¢ € {1,...,N}.

2. Update ¢(3): Compute the covariance matrix 3y and mean vector p using the
current values of E[r;] via the formulas derived in part (c).

3. Update ¢(7;): For each observation i, compute the expected squared residual:

E; = Eyg)l(yi — x{ B)’] = (yi — x| uy)” + X Zyx;.

Then, update the expectation E[r;] = ¢ = V”JjEl

4. Repeat steps 2 and 3 iteratively until the ELBO converges or the parameters
stabilize.

3. Mean-Field Variational Inference for Bayesian Linear Regression

Consider a standard Bayesian linear regression model. We are given a dataset with a design
matrix X € RV*? and a target vector y € RY. We assume the following generative model:

e Prior: w ~ N(0,a7'1,), where a > 0 is a known precision parameter.
e Likelihood: p(y | X, w) = N(y | Xw, 37 '1y), where 3 > 0 is the known noise precision.

We know that the exact posterior p(w | y, X) is a multivariate Gaussian. However, for pedagog-
ical purposes, we will approximate it using a fully factorized mean-field variational distribution:

p
g(w) =[] a(w;)
j=1
(a) The exact posterior is p(w | y,X) = N(w | m,S). Give the explicit expression for the

precision matrix S~!. By inspecting S™!, explain briefly why the exact posterior does not
naturally factorize across the components of w.
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Solution: By Bayes’ rule, the posterior precision matrix is the sum of the prior pre-
cision and the data precision:

S™! = oI, + fX'X.

The exact posterior does not factorize across the components w; because the off-
diagonal elements of S~1 (which are given by Bxka for j # k) are generally non-zero.
These non-zero elements introduce correlations between the different weights in the

posterior distribution.

(b) The optimal distribution g;(w;) satisfies:
log ¢} (w;) = Eq_,[log p(y,w | X)] + const

where ¢g_; denotes the product of all g, (wy,) for k # j. By expanding the joint log-density,
show that ¢ (w;) takes the form of a univariate Gaussian N (x5, s?)

Solution: The joint log-density is:

log ply, w | X) oc ~ o ww — 2 (y — Xw)" (y ~ Xw).

Taking the expectation with respect to g_; and keeping only terms that depend on

wj:
Qo I} N P ?
log Q;(wj) =K, —5%2' 9 Z (yz - Z %‘kwk) + const
i=1 k=1
o B il
= —Jw ]2 ) ZE | 2wy + xw : 2 2w w; lekwk + const
i=1 k#j
1
= 2( +5Z$U>w +5me Yi — lek,u,k wj + const,
i=1 k#£j

where iy, = Eg, [wg]. Since this expression is quadratic in wj, ¢;(w;) is a univariate

Gaussian N (p;, SJQ)

(c¢) Derive the explicit update equations for the variational variance s? and the variational

mean fi;.

Solution: A univariate Gaussian N (1, s?) has the log-density form: — w +£& 2 Wj.

Matching coefficients with the expansion from the previous part:

N

1 1
7—(1+BZ$ZJ—Q+§‘|XJ||2 = 5?
J

- ot Bl 2
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For the mean:

N
1
=8> x| Ui Y minak | = py=s8%] |y — Y kX

J
52
J i=1 k#j k#j

(d) Show that the variational variance s? depends only on the design matrix and hyperparam-
eters, and does not depend on the variational means p;. What does this imply about the
order of updates in our CAVI algorithm?

Solution: As seen in the formula s? = W, the variance relies solely on «, 3, and
the fo-norm of the j-th column of X. It does not contain any py terms. This implies
that the variances do not need to be updated iteratively; they can be pre-computed
once before the iterative CAVI algorithm begins, and only the means x; need to be

updated during the loop.
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