Solutions to Problem Sheet 6

1. Variation of the Metropolis-Hastings algorithm

Let P be a probability distribution and g a function such that 0 < p(z) <1 and Ep[1/p(x)] <
00. A Markov chain (iﬁ(n))nzo is constructed as follows: z(™ is replaced by z("*1) by generating
y ~ P and taking

(a)

(n+1) Yy with probability o(z(™),
x =
(™ with probability 1 — o(z(™).

Show that this variation of the Metropolis-Hastings algorithm converges to the stationary
distribution with density

o(z) " /Eplo(x) "]

with respect to P.

Solution: Let the transition kernel of the Markov chain be K(x,y). For x # y, the
probability of transitioning from z to y is governed entirely by proposing y from P
and accepting it, which happens with probability o(z). Thus, the transition density is
K(z,y) = P(y)o(zx), where P(y) is the density of P.

Let m(z) = %1;((;) be the target density, where Z = Ep[o(X)™!] is the normalization

constant. We verify that m(x) satisfies the detailed balance condition. For x # y:

1 P(z)
Z o(z)

AR (e0) = (5o ) PWela) = PP

Since the resulting expression %P(w)P(y) is symmetric with respect to x and y, we
have 7(z)K (x,y) = 7(y)K(y, z). Detailed balance holds, meaning 7(x) is the station-
ary distribution of the chain.

Apply to the case where P is the Be(a + 1,1) distribution and o(x) = x.

Solution: The density of the proposed distribution P ~ Be(a + 1,1) is P(x) =
(o + 1)z for x € (0,1).
Given p(x) = x, the stationary density m(x) with respect to the Lebesgue measure is

proportional to:
P 1)x®
m(z) (z) x (ot Dz x T
o(x) x

a—1

We recognize %! as being proportional to the density of a Beta distribution Be(a, 1).
Thus, the algorithm converges to the stationary distribution Be(a,1).




2. Marginal density estimation via importance sampling

Let (X,Y’) be a pair of random variables with distribution Pxy and density fxy on R2. Let
(X1,Y1),..., (XN, Yn) be iid. with distribution Pxy and let w be any density on R.

(a) Show that

Ixy Jw(Xi)
Z fXY Xz,Yz)

is a consistent estimator of (i.e. converges in probability to) fx(z).

Ixy (z,Y)w(X;)
fx,v(X;,Y3)

by the Law of Large Numbers, the sample average fX(:E) = % ZZ]\L 1 Wi converges in
probability to its expected value E[W;]. We compute this expectation by integrating
over the joint density fxy (u,y):

Solution: Let W; = . Since the pairs (X;, Y;) arei.i.d. draws from Pxy,

[ fxy(z,y)w(u) . du
B = [ [ P b G yydudy

// fxy (@, y)w(u)dudy
= /fx,y(x,y)dy/w(U)du

Since w(w) is a valid density, [w(u)du = 1. Furthermore, the marginal density fx(z)
is precisely [ fx,y(z,y)dy. Therefore, E[W;] = fx(z), proving consistency.

(b) Give an expression for the variance of this estimator.

Solution: Because the terms W; are independent, the variance of the estimator is
+ Var(W7). The second moment of W is:

E[W?) // (fxy z,y) (u))Qfx,y(u,y)dudy

fxy(u,y)

_ [ fxy(@y) w(u)?
B / fX,Y(uvy) dUdy

Using Var(W1) = E[W?2] — (E[W1])2, the variance of fx () is:

2 xT 2w U 2
V(i (0)) = g ( [ LD iy —

Remark: To minimize the above variance, it suffices to minimize E[W2], which by
Cauchy-Schwarz inequality is lower bounded by

fxy(z,y)w(u) 2 2
(/ fo,y(u,y)dUdy> = fx(z)".
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Ix,y (z,y)w(w)
Ix,v (wy)
and y (equality case of Cauchy-Schwarz). This means that

We can achieve the lower bound as soon as is constant as a function of u

w(i) = CfX,Y(va)7
fX,Y(xvy)
for any y. Integrating over u, we find 1 = C fY((Z)y), implying that C' = fx)y (v | y)

the conditional density of X given Y = y. Pluggmg this into w,

_ fX,Y(Ua Y) _ u
wlw) = S = (el )

for any y. As there is no reason for the conditional density to be constant in the value
y, it is impossible to achieve the null variance as in the usual Importance sampling
algorithm.

(c) In the case where Y ~ N(0,1) and X|Y =y ~ N (y,1 + y?), propose an implementation
of the above method to estimate fx(z).

Solution: 1. Select an arbitrary density w(u) that is easy to evaluate, such as the
standard normal density w(u) = fe*’ﬂ/ 2

2. Generate a sample of size N for (X;,Y;): First, draw Y; ~ N(0,1). Then, given Y;,
draw X; ~ N(Y;, 1+ Y?2).

3. Note that the joint density is evaluated as fxy(u,y) = fv(y)fx|y (uly), which is:

Fertun) = (e ) (et i
u, = e 2 e 2(1+y
XY= Vor or(1 + y?)

4. For a target point x, compute the estimator:

fy (Y; fX|Y (z|Yi)w L fX|Y (]Ys)w(X:)
Z fy (Y fX|Y(X\Y B Z Fxy (XalYi)

3. Variational Inference for Gaussian Mixture Models

Suppose we have a Bayesian mixture of unit-variance univariate Gaussian distributions. This
mixture consists of 2 components each corresponding to a Gaussian distribution, with means
= {p1, po}. The mean parameters are drawn independently from a Gaussian prior distribu-
tion N(0, 02). The prior variance o2 is a hyperparameter. Generating an observation x; from
this model is done according to the following generative story:

1. Choose a cluster assignment ¢; for the observation. The cluster assignment is chosen
from the distribution Categor1cal(2, 2) and indicates which latent cluster x; comes from.
Encode ¢; as a one-hot vector where [1,0] indicates that z; is assigned to cluster 0 and
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vice versa.

2. Generate x; from the corresponding Gaussian distribution A'(c¢! p, 1).

The complete hierarchical model is as follows:
pr ~ N(0,0%),k € {1,2}
c¢; ~ Categorical (;, ;) i€ [1,n]
ziles, u ~ N (1), € [1,n]
where n is the number of observations generated from the model.
(a) Let’s determine the ELBO (evidence lower-bound) for this model. Recall that the ELBO

is given by the following equation:

ELBO(q) = Ey[log p(x,2)] — Eq[log q(z)]

To calculate ¢(z), we will now use the mean-field assumption. Under this assumption, each
latent variable is governed by its own latent factor, resulting in the following probability

distribution: )
q(p,c) = (H q(ummwi)) (H Q(Cz’§ai)>
=1

k=1
Here q(pg; my, v,%) is the Gaussian distribution for the k-th mixture component with mean
and variance my and v,%. q(ci;a;) is the categorical distribution for the i-th observation
with assignment probabilities a; (a; is a 2-dimensional vector). Given this assumption,

write down the ELBO as a function of the variational parameters m, vZ, a.

Solution: We expand the joint log-probability

n n
log p(x, p, Zlogp pe) + Y logp(es) + > log plailci, p)

Taking expectations with respect to ¢:

2
1
ELBO(q ZEq [log N (113 0, 02)] + ZEM {log <2>]

=1
Z Eq(es)au) [Log N (zi; ¢ p, 1)]

1=

+

n

IEq(,uk) [logN(Mk; mg, UI%)] - Z IEq(ci) [lOg Q(Ci§ az)]
k=1 =1

2
log N (13 0,5°)
= E —nlog?2
Z 20i) [bg/\/(uk;mk,vi) e

k=1
+ D Eotena [log N (@il 1, 1)] = Eye,) log a(ei; a;)]
=1 =1
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(b) Now that we have the ELBO formulation, let’s try to compute coordinate updates for our
latent variables. Remember that the optimal variational density of a latent variable z; is
proportional to the exponentiated expected log of the complete conditional given all other
latent variables in the model and the observed data. In other words:

qi(2i) o exp (E_;[log p(zj]z—;,%)])

Equivalently, you can also say that the variational density is proportional to the exponenti-
ated expected log of the joint E_;[log p(zj,2z—;,x)]. This is a valid coordinate update since
the expectations on the right side of the equation do not involve z; due to the mean-field
assumption.

i. Show that the variational update for a;; o< exp (E[ul; my, vi]z;

_ E[u%;ml,vf])

5 .
Hint: We can write the optimal variational density for cluster assignment variables
as q(c;; ain) o exp (log p(c;) + Ep[log p(s]c;, p); m, v?]). Feel free to drop added con-
stants along the way.

Solution: Using the hint, the unnormalized probability for ¢; being assigned to
cluster 1 (i.e. ¢;; = 1) is:

q(cip = 1) o exp (log <;) +E, [—;(in - Hl)ﬂ)
1,2

Expanding the quadratic term —%(wz —m)? = —%ZE? + i — %M% The term —5z;

and the prior probability log(1/2) are independent of the cluster assignment and
can be absorbed into the proportionality constant. Thus:

1
a;1 o< exp <E#1[xi,u1 — 2/@]) = exp (xiE[ul; my, ’U%] —

= exp (zymy — m3)2 — v%/Z) .

E[,U,%7 my, U%])
2

Also,
Qi X €Xp (372'7712 - m%/Q - 03/2) .

ii. Show that the variational updates for the k-th mixture component are my = ﬁ;ﬁ%

2 _ 1
and v, = To?5S an”

Hint: We can write the optimal variational density for the k-th mixture component
as

q(puk) o exp <logp(uk:) + ) Ee,[log p(wilci, p); ai, m_y, V2k}> :
)

Feel free to drop added constants along the way. To obtain the mean and variance
updates, you might have to complete the square inside the exponent to bring it into
the form of a normal distribution.

Page 5



Solution: Using the hint, we gather all terms depending on p:

n
C.
log q(pux) = log N (p1x; 0, 0%) + ZEC,L. [—%‘;(xZ — uk)Z] + const
i=1
1 , 1¢ 2 2
= _Tﬂuk 5 Zaik(%’ — 2wy, + p1y,) + const

i=1

Collecting terms with respect to p2 and juy:

1 1 n n
- _i'uz ((72 + Z aik> + pg <Z aikazi> + const

i=1 i=1

We recognize the exponent of a Gaussian distribution A/ (my,v?) which has the

form —ﬁuz + % i Matching the coefficients yields:
k

2
k

and for the mean:

mE N > i QikTi
— = Zaikl‘i == my = kaaikxi = St
v = P L/o? +3 0 ai

4. Metropolis algorithm and Rejection sampling
Consider the density f on R? defined by

2
f(u,v) o (cosu)?(sin v)ze*%

(a) We want to simulate according to the density f using the Metropolis-Hastings algorithm.
Starting from x = (u, v), consider the proposal kernel @) defined such that its density g(z, -)
corresponds to that of the N (x,021y) distribution, where I5 is the identity matrix of size
2 and o > 0 is a tuning parameter of the algorithm (in other words, Q(x,-) = N (x,02ls)).
Explicitly state the acceptance probability p(x,z') = p((u,v), (u/,0")).

Solution: Because the proposal distribution Q(z, -) = N (z, 0%15) is symmetric, mean-
ing q(x,2’) = q(a', ), the acceptance probability simplifies to the ratio of target den-

sities: A — <17 W) = min (1, ;ii)))

Substituting the target density formula for x = (u,v) and 2’ = (v/,v):

()2 +(")?
N2/( s no —w)"+(@)”
p((“’? U)a (’le, U/)) = min 17 (COSU ) (Sln'l) ) e 20

2 2
(cosu)?(sinv)2e ™" 20
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(b) Propose a rejection method to simulate according to the distribution with density f start-
ing from a Gaussian instrumental distribution.

Solution: We need an instrumental distribution g(u,v) and a constant M such that
f(u,v) < Mg(u,v) for all (u,v). Notice that (cosu)?(sinv)? < 1. Therefore:

2 2 2 2
Flu,v) o (cosu)?(sinv)?e™" 20 <e 0

We choose g(u,v) to be the density of an isotropic bivariate Gaussian N (0,1013),

u ’L)2
which is g(u,v) = ﬁe‘ 20 Assuming f has a normalization constant C, f(u,v) <
u2 U2
Ce™ 20~ = C207g(u,v). We select M = C20n. The ratio for acceptance is then:
]\ig(tzj:i}) = (cosu)?(sinv)?
Algorithm:

1. Draw a sample (U, V) ~ N (0,1013).

2. Draw an independent uniform variable W ~ ¢/(0, 1).

3. If W < (cosU)?%(sin V)2, accept (U, V) as a sample from f. Otherwise, reject and
return to step 1.
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