Solutions to Problem Sheet 2: Prior choice

1. Bernoulli Model
Consider the model P = {B(#),0 € (0,1)}. We wish to compute the Fisher information.

Solution: Let X be a random variable following a Bernoulli distribution B(6#). The prob-
ability mass function is given by:

f(z]0) =61 —0)1=* for z € {0,1}.
The log-likelihood for a single observation is:
0(0) =log f(x|0) = xlog(0) + (1 — z)log(1 — 0).
We compute the first and second derivatives with respect to 6:
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The Fisher information I(#) is defined as the negative expectation of the second derivative:
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Since E[X] = 0, we have:
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2. Conjugate Distributions

Show that the following families of prior distributions are conjugate for n > 1. In each case,
give the expression for the posterior mean.

(a) The family of Gaussian distributions A (u,0?) for P = {Pe(n) =N(0,1)%" 0 € R}.




Solution: Let the prior be 7(6) x exp (—M) The likelihood for n observations

202
X = (Xy,...,X,) where X; ~ N (0,1) is:

L(0]X) o exp (-i SO - 9)2> .

i=1

The posterior density is proportional to Prior x Likelihood:

7(0)X) o exp (-é [“);j‘)z +3 (X - 9)2]) .

i=1
Expanding the terms inside the exponent (focusing on 6):

92_722W+Z(X3—29X¢+92)o<02 (;2+n> —20(£+ZX2‘)'

g

This is the kernel of a Gaussian distribution A (Hpost,%z,ost) with variance Ugost =

(a—l2 + n)_1 and mean:

% +nX, . -+ no?X,

Hpost = 0-1270513 <% + an) =

% +n 1+ no?
Since the posterior is Gaussian, the family is conjugate. The posterior mean is
ptno? X,
1+no? -

The family of Gamma distributions G(a, b) for P = {P{™ = £(A)®", A > 0}.

Solution: Let the prior be 7()\) oc A» e~} (shape a, rate b). The likelihood for n
observations X; ~ £(A) is:

LX) = [[re ™ = are B &
i=1

The posterior is:

W(/\’X) N Gt P 2 /\ne—)\ZXi — /\a-&-n—le—(b—i-ZXi))\'

This is a Gamma distribution G(a/,b") with ¢’ = a+n and ¥ = b+ > | X;. Thus,
the family is conjugate.

The mean of a Gamma distribution G(«, ) is a/f. The posterior mean is:

a—+n

NN = s
=11

(¢) The family of Beta distributions B(a,b) for P = {Plsn) = B(n,p),p € [0,1]}.
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Solution: Let the prior be m(p) o p®~*(1 — p)’~!. The observation comes from
a Binomial distribution B(n,p). Let X denote the number of successes (or sum of
Bernoulli trials). The likelihood is:

L(p|X) o< p* (1= p)" .
The posterior is:
7'['(p|X) X pa71(1 N p)b*l . pX(]. _p)an — pa+X71(1 B p)b+nfxf1'

This is a Beta distribution B(a’,?’) with parameters a’ = a+ X and b’ = b+n — X.

Thus, the family is conjugate.

The mean of a Beta distribution B(«, ) is o%—,@ The posterior mean is:

a+ X a+ X
plX] (a+X)+(b+n—X) a+b+n

3. Sequential Posterior and Information

(a)

(b)

Characterize the posterior distributions.
Bayes’ formula gives the posterior densities:

_ (X7 (8)
J po(X1)m(0)dv ()’

Sequential updating.

Let IT = II[-| X;] be the prior for the second step. We consider the framework where 6 ~ TI
and Xs|0 ~ Py. Bayes’ formula gives the posterior density 1:[[-|X2], given that II has
density 7 = fgx,, as:

_ po(X1)pe(X2)m(0)
J po(X1)pe(X2)m(0)dv(6)

forx, (0) foix1,x,(0)

po(X2)7(0)
J po(X2)7(60)dv(0)

This last quantity is equal (up to a normalizing constant) to fgx, x,(0). We conclude
that II[-| Xs] = II[-| X1, X2].

Generalization.

By induction (recurrence), we similarly have II[-| X1, ..., X,,] = I,_1[-|X,], where II,,_; =
I[-| X4,..., X,—1], and so on.

Is there a difference? No, the result is the same whether updated sequentially or all at
once.

0 —

o< po(X2) fox, (0) o< po(X2)pe(X1)m(0).

Does the order matter?
The order of X; does not matter, since the product in the likelihood expression:

is commutative.
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However, if the distribution of X7, ..., X, |0 were not a product distribution (i.e., not i.i.d.)
but an arbitrary joint distribution Pa(n), the order of X; could matter. In that case, the
density pén) (x1,x2,...,T,) might not be equal to pén)(l‘g, Tlyeeoy Tp)e

(e) Conditioning with no effect.

i. We determine the prior of Z = (Z3, Z). For a bounded measurable function g:

)

0L +6, 61 —0
://g( 1-; 2’ 1 2 2)2h(91+92)h(91—92)d91d92

We use the change of variable z; = (61 + 02)/2 and z92 = (61 — 02)/2. The Jacobian of
the transformation (61,602) — (21, 22) is 2. Thus, the density of (Z1, Z2) is (z1,22) —
4h(221)h(222).

We deduce the marginal density of Z, by integrating over z;:

/ AR (220 )h(220)d21 = 2h(225) / oh(u)du = 2h(22).

(Using the hypothesis that [ h(u)du = 1/2 or similar normalization from the prompt,
here the result simplifies to 2h(2z3)).
ii. The posterior density of | X is obtained by Bayes’ formula:

1 0146
7§(X7 1 2

72V 2h(01 + 02)h(61 — 65)
0% 464
[ e 2 &= 2001 + 0,)n (6, — 6})d6,d6),
We find the posterior distribution of Z|X by performing the change of variable z; =
(01 + 02)/2 and z3 = (01 — 02)/2 inside the expectation as before:

e

fox (61,62) =

~3(X=21" 41 (22, ) (2
e 2 z P
Elg(Z1, Z2)| X] ://9(21,22) T (221)h(22,) dz1dzs
[[ e 23X =20 4h(22))h(222)dz1d 2o

The density of Z|X is the term in the brackets.
iii. We notice the density of Z|X can be written as a product:

e~ 2(X=20%91(22) 2h(222)
feié(xle)22h(221)d21 f2h(2z2)d22
—_——

depends on z2

fz1x (21, 22) =

depends on z;

The marginal density of Z3|X is obtained by integrating out Z; (which integrates to
1 in the first term). Thus:

2h(22’2)

fZQ\X(ZZ) = W = 2h(222).

Conclusion: We conclude that £(Z2|X) = £(Z2). This is logical because the law of
X given Z depends only on Z; (X ~ N(Z1,1)) and not on Zs. Therefore, X contains
no information about the Zs component of Z.

Remark on Identifiability: The model is not identifiable, because the distribution
of the data depends on 6 only through the sum (6; +62)/2. In particular, we can have
Py = Py with 6 # 6’ as long as (01 + 02)/2 = (0] + 05)/2.
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4. Improper prior?
Let X1,..., X, ~N(u,0?) and 7(p,0) = 1/0 with © = R x R}

(a)

What is the value of the marginal likelihood p(x1, ..., x,)?

Solution: The marginal likelihood (or evidence) is obtained by integrating the likeli-
hood weighted by the prior over the parameter space:

/ / (1, 02| z)7(p, o) dp do

The likelihood function is:

1 1 &
L(p, 0°|x) = W €xp <—M Z(Cﬂz - M)2>
i=1

Using the decomposition > (z; —u)? = Y. (2 —2)? +n(z —p)? = S2+n(Z —u)? (where
S? is the sum of squared errors), the integrand becomes:

1 1 2 _ )2
Integrand oc — - — exp (_S> exp <_n(usc)>
o o

202 202

First, we integrate with respect to . We recognize the kernel of a Gaussian N (Z, 02/n):

e (M a2

Substituting this back, we now integrate with respect to o:

[e'¢) 1 2 o] 2
m(:r)oc/o UTLH.a.exp< 252>da_/0 a”exp( 252>da

Let t = 5 5 (so ¢ = (2t)"Y2). Then do o t~3/2dt. The integral transforms into a
Gamma, form:

> (n—1)/2—1_-52t n—1 2\ —(n—1)/2
m(a:)oc/o t e dto<F< 5 )(5’)

Thus, the marginal likelihood is proportional to (82)_(”_1)/ 2 provided n > 1 for
convergence.

Is the measure 7(u, o) usable?

Solution: The prior 7(u,0) = 1/0 is an improper prior (it does not integrate to 1
over the domain R x R, ). However, it is usable in the sense that it yields a proper
posterior distribution as long as the sample size is sufficient (n > 2), as shown by the
convergence of the marginal likelihood integral above. This is a standard reference
prior (Jeffreys prior) for the location-scale normal model.

Page 5




5. Jeffreys Prior for Exponential
Let X160 follow an exponential distribution £(#). What is the Jeffreys prior for this model?

Solution: The probability density function is f(z|0) = e~ for z > 0. The log-likelihood
for a single observation is:

0(0) = log(0) — Ox.

The first derivative with respect to 0 is:
7(0) = - — .

The second derivative (Hessian) is:

1

6”(9) — _ﬁ

The Fisher information I(#) is the expected value of the negative second derivative:

1(0) = —E[¢"(6)] = eig

The Jeffreys prior is defined as m7(6) o< \/I(
T

7).
1(0) \/GTQ - %

So, the Jeffreys prior for the exponential rate parameter is 7(6) o< 1/6.

6. Jeffreys Prior for Binomial
Calculate the Jeffreys prior on § when X0 ~ B(n,0).

Solution: The probability mass function for the Binomial distribution is given by:

P(X = z[0) = <Z> o= (1 — ).
The log-likelihood is:
0(0) = log <Z> + zlogb + (n — z)log(1 — 0).
We differentiate twice with respect to 6:

(%_{ n—x

0 6 1-0’

020 T n—x

002 02 (1-0)2
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The Fisher Information I(6) is the negative expectation of the second derivative. Since
E[X] = né:

2 n n — n n n — n n
1(9):4@[”]— 6 n(1-6) Cn(1-0)+nf

o " @t ez e t1=6 e1-0 _e1-6

The Jeffreys prior is proportional to the square root of the Fisher information:

m7(0) o< \/I(0) 9(11_0) =07 Y2(1 - )72

We recognize this as the kernel of the Beta distribution B(1/2,1/2) (also known as the
Arcsine distribution).

7. Conjugation - Multinomial Case

Consider X6 following a multinomial distribution with X = (Xi,...,X,) and parameter
0 =(01,...,04) such that 0 < 6; <1 and >_6; = 1. The likelihood is:

n!
k1! . kg
Show that the Dirichlet distribution is conjugate for this likelihood.

P(X1=kiy,...,Xq=kglf) = o8 .. 6k

Solution: The likelihood function is proportional to:

d
L(O|1X) o [T 05
=1

Let the prior () be a Dirichlet distribution with parameters a = («y, ..., aq), denoted
D(ai,...,aq). Its density is proportional to:

d
n(0) o [T 05,
=1

defined on the simplex {0 :6; >0, 6; = 1}.
The posterior density is proportional to the product of the likelihood and the prior:

d d
7(01X) oc L(O]|X)7() o (Hefz) (Hef‘i‘1> .

i=1
Combining the exponents:

d
m(0)X) oc [T O
i=1
We recognize this as the kernel of a Dirichlet distribution with updated parameters o/ =
(041 —i—kl,...,ad—i—kd).
Since the posterior distribution is in the same family (Dirichlet) as the prior, the Dirichlet
distribution is conjugate to the Multinomial likelihood.
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