
MIDTERM EXAM - Solutions

STAD91 WINTER 2026
University of Toronto Scarborough

Name:
Student #:

Exam duration: 120 minutes
No calculators will be allowed during the midterm exam.

Please check that your exam has 13 pages, including this one. The total possible number of points
is 100.

Read the following instructions carefully:

1. Exam is closed book and internet. You can use an optional handwritten aid sheet - A4 (or
8.5”ˆ 11”) double-sided.

2. If a question asks you to do some calculations, you must show your work for full credit.

3. Conceptual questions do not require long answers.

4. You will write your answers to each question in the space provided on the exam sheet. If you
require additional paper, simply raise your hand.

5. After solving each question, you should write your answers immediately. Do not wait last
minute to write them all at once.

6. Do not share the exam with anyone or in any platform!

7. Lastly, enjoy the problems!!!
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1. Conceptual Questions (16 points)

Answer by True or False. No justification needed.

1. (3 points) If the prior distribution πpθq is improper, then the posterior distribution πpθ | Xq
is necessarily improper. Correction: False.

2. (3 points) The Bayes estimator associated with the absolute error loss function `pθ, T q “ |θ´T |
is the posterior mean. Correction: False.

3. (3 points) In a hypothesis test H0 vs H1, if the Bayes Factor Bπ
0{1 “ 10, this provides strong

evidence in favor of H1. Correction: False. The Bayes Factor Bπ
0{1 is the ratio of the

marginal likelihood of H0 to that of H1. A value of Bπ
0{1 “ 10 means the data is 10 times

more likely under H0 than under H1, which provides evidence in favor of H0, not H1.

4. (3 points) If a Bayes estimator is unique and has constant risk (i.e., Rpθ, T q “ c for all θ),
then it is minimax. Correction: True.

5. (4 points) In a linear regression model with Gaussian noise, obtaining the Maximum A Pos-
teriori (MAP) estimator using a centered Gaussian prior on the coefficients is equivalent to
performing Ridge regression. Correction: True.
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2. Bayes and Minimax Risk (45 points)

For a ą 0 and b ą 0, the Inverse-Beta distribution, denoted IBpa, bq, is the distribution whose
density is given by

θ ÞÑ
1

Bpa, bq
θ´a´bpθ ´ 1qb´11p1,`8qpθq,

where Bpa, bq “ ΓpaqΓpbq
Γpa`bq and Γ is the gamma function, satisfying Γpx`1q “ xΓpxq for all x ą 0. The

distribution IBpa, bq is the distribution of the inverse of a random variable following a Betapa, bq
distribution. Furthermore, if Y „ IBpa, bq with a ą 2, we have

ErY s “
a` b´ 1

a´ 1
and VarpY q “

pa` b´ 1qb

pa´ 1q2pa´ 2q
.

We consider the model:

θ „ Π :“ IBpa, 2q

X “ pX1, . . . , Xnq | θ “ θ „ G
ˆ

1

θ

˙bn

.

1. (5 points) Show that the posterior distribution is given by Πr¨ | Xs “ IBpa`n, nX̄n´n` 2q.
Correction: We have

πpθ|Xq9 θ´a´2pθ ´ 1q
n
ź

i“1

˜

ˆ

1´
1

θ

˙Xi´1 1

θ

¸

1p1,`8qpθq

9 θ´a´2pθ ´ 1q

ˆ

θ ´ 1

θ

˙

ř

Xi´n

θ´n1p1,`8qpθq

9 θ´pa`nq´pnX̄n´n`2qpθ ´ 1qpnX̄n´n`2q´11p1,`8qpθq.

We recognize the general term of the distribution IBpa` n, nX̄n ´ n` 2q.

2. (4 points) Give the posterior expectation mX and the posterior variance vX.
Correction: We have from the previous question and the formula provided above

mX “
a` nX̄n ` 1

a` n´ 1
and vX “

pa` nX̄n ` 1qpnX̄n ´ n` 2q

pa` n´ 1q2pa` n´ 2q
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3. (7 points) Give a Bayes estimator, denoted T ˚, for the prior Π and the loss `pθ, tq “ pt´θq2

θpθ´1q .
Correction: We proceed by minimizing the posterior risk, using the posterior from the first
question. For an estimator T , we have

ρpΠ, T |Xq “

ż `8

1

pT pXq ´ θq2

θpθ ´ 1q
πpθ|Xqdθ

“
1

Bpa` n, nX̄n ´ n` 2q

ż `8

1
pT pXq ´ θq2θ´a´n´1pθ ´ 1qnX̄n´ndθ

“
Bpa` n` 2, nX̄n ´ n` 1q

Bpa` n, nX̄n ´ n` 2q

ż `8

1
pT pXq ´ θq2dΠ̃Xpθq

where Π̃X “ IBpa ` n ` 2, nX̄n ´ n ` 1q. This quantity is minimal for T pXq given by the
expectation of the distribution Π̃X, which is

T ˚pXq “
a` nX̄n ` 2

a` n` 1
.

4. (8 points) Calculate the posterior risk of T ˚, and deduce the Bayes risk RBpΠq.

Correction: By noting that
ş`8

1 pT ˚pXq ´ θq2dΠ̃Xpθq corresponds to the variance of the

distribution Π̃X, and by using the relation Γpx` 1q “ xΓpxq, we have

ρpΠ, T ˚|Xq “
Bpa` n` 2, nX̄n ´ n` 1q

Bpa` n, nX̄n ´ n` 2q

pa` nX̄n ` 2qpnX̄n ´ n` 1q

pa` n` 1q2pa` nq

“
Γpa` n` 2qΓpnX̄n ´ n` 1q

Γpa` nX̄n ` 3q

Γpa` nX̄n ` 2q

Γpa` nqΓpnX̄n ´ n` 2q

pa` nX̄n ` 2qpnX̄n ´ n` 1q

pa` n` 1q2pa` nq

“
Γpa` nX̄n ` 2q

Γpa` nX̄n ` 3q

ΓpnX̄n ´ n` 1q

ΓpnX̄n ´ n` 2q

Γpa` n` 2q

Γpa` nq

pa` nX̄n ` 2qpnX̄n ´ n` 1q

pa` n` 1q2pa` nq

“
1

a` nX̄n ` 2

1

nX̄n ´ n` 1
pa` n` 1qpa` nq

pa` nX̄n ` 2qpnX̄n ´ n` 1q

pa` n` 1q2pa` nq

“
1

n` a` 1

We thus have: RBpΠq “ ErρpΠ, T ˚|Xqs “ 1
n`a`1 .
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5. We set T 1pXq “ nX̄n`1
n`1 .

(a) (5 points) For θ ą 1, calculate the pointwise risk Rpθ, T 1q.

Correction: We have

Rpθ, T 1q “
1

θpθ ´ 1q
Eθ

«

ˆ

nX̄n ` 1

n` 1
´ θ

˙2
ff

“
1

θpθ ´ 1q
Eθ

«

ˆ

n

n` 1
pX̄n ´ θq `

1´ θ

n` 1

˙2
ff

“
1

θpθ ´ 1q

˜

ˆ

n

n` 1

˙2

VarθpX̄nq `
pθ ´ 1q2

pn` 1q2

¸

“
1

θpθ ´ 1q

˜

ˆ

n

n` 1

˙2 θpθ ´ 1q

n
`
pθ ´ 1q2

pn` 1q2

¸

“
n

pn` 1q2
`

θ ´ 1

θpn` 1q2

“
1

n` 1
´

1

θpn` 1q2

where we used that VarθpX̄nq “
1´ 1

θ
np1{θq2

“
θpθ´1q
n .

(b) (3 points) Deduce the maximal risk of T 1, denoted RmaxpT
1q.

Correction: We have RmaxpT
1q “ supθą1 Rpθ, T

1q “ 1
n`1 .

(c) (6 points) Show that T 1 is minimax.

Correction: We notice that limaÑ0 RBpΠq corresponds to RmaxpT
1q, when a tends to

zero, and to the limit of the Bayes risk for the prior IBpa, 2q an By a result from the
course, T 1 is minimax.

lim
aÑ0

1

n` a` 1
“

1

n` 1
“ RmaxpT

1q
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6. (7 points) We wish to test:

H0 : θ ď 2 against H1 : θ ą 2

Determine the Bayes test for the balanced loss function takes the form

ϕ˚pXq “ 1tXnąca,nu
,

where ca,n is a constant depending on a and n to be determined.

Hint: You may use the following property: The median of a Beta distribution Betapα, βq is
less than 1

2 if and only if α ă β.

Correction: The Bayes test for the 0-1 loss is given by:

ϕ˚pXq “ 1tπpH1|XqąπpH0|Xqu “ 1tπpθą2|Xqą1{2u

Recall that the posterior distribution is θ | X „ IBpαn, βnq with:

αn “ a` n and βn “ nXn ´ n` 2

By definition of the Inverse-Beta distribution, the variable Z “ 1{θ follows a Beta distribution:

Z | X „ Betapαn, βnq

The condition θ ą 2 is equivalent to 1{θ ă 1{2, i.e., Z ă 1{2. The test becomes:

ϕ˚pXq “ 1 ðñ πpZ ă 1{2 | Xq ą 1{2

This inequality holds if and only if the median of Z is strictly less than 1{2. Using the hint
provided, this occurs if and only if αn ă βn:

αn ă βn ðñ a` n ă nXn ´ n` 2

ðñ nXn ą a` 2n´ 2

ðñ Xn ą 2`
a´ 2

n

Thus, the Bayes test is:
ϕ˚pXq “ 1tXną2`a´2

n u
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3. Hierarchical Normal Models (39 points)

We consider the following model: X1, . . . , Xn are n independent variables with respective distribu-
tions N pµi, 1q. We suppose that the prior on the means takes the form

πpµ1, . . . , µn | ξ, τq “
n
ź

i“1

1
?

2πτ2
e´

pµi´ξq
2

2τ2 ,

where ξ and τ are two hyperparameters.

1. (8 points) Determine the marginal likelihood of the data given the hyperparameters, denoted
ppX | ξ, τq.

Correction: To find the marginal likelihood given ξ and τ , we integrate out the parameters
µ “ pµ1, . . . , µnq in the joint distribution

pµpX1, . . . , Xnqπpµ1, . . . , µn | ξ, τq “
n
ź

i“1

1
?

2π
e´

pXi´µiq
2

2
1

?
2πτ2

e´
pµi´ξq

2

2τ2

Since the pairs pXi, µiq are independent given pξ, τq, we can handle each observation separately.

First approach: The marginal distribution of a single Xi is the convolution of the Gaussian
noise N p0, 1q and the Gaussian prior N pξ, τ2q. Thus, Xi | ξ, τ „ N pξ, 1 ` τ2q. The joint
marginal likelihood is:

ppX | ξ, τq “
n
ź

i“1

1
a

2πp1` τ2q
exp

ˆ

´
pXi ´ ξq

2

2p1` τ2q

˙

Second approach:

ż 8

´8

1
?

2π
e´

pXi´µiq
2

2
1

?
2πτ2

e´
pµi´ξq

2

2τ2 dµi “
1

2πτ

ż 8

´8

exp

ˆ

´
1

2

„

pXi ´ µiq
2 `

pµi ´ ξq
2

τ2

˙

dµi

“
1

2πτ

ż 8

´8

exp

ˆ

´
τ2 ` 1

2τ2

„

µ2
i ´ 2µi

Xiτ
2 ` ξ

τ2 ` 1
`
X2
i τ

2 ` ξ2

τ2 ` 1

˙

dµi

Let m “
Xiτ

2`ξ
τ2`1

and complete the square for µi. The integral becomes:

1

2πτ
exp

ˆ

´
1

2

„

X2
i `

ξ2

τ2
´
τ2 ` 1

τ2
m2

˙
ż 8

´8

exp

ˆ

´
τ2 ` 1

2τ2
pµi ´mq

2

˙

dµi.

The exponent in the first exponential is

´
1

2

„

pX2
i τ

2 ` ξ2qpτ2 ` 1q ´ pXiτ
2 ` ξq2

τ2pτ2 ` 1q



“ ´
pX2

i τ
4 `X2

i τ
2 ` ξ2τ2 ` ξ2q ´ pX2

i τ
4 ` 2Xiξτ

2 ` ξ2q

2τ2pτ2 ` 1q

“ ´
X2
i τ

2 ´ 2Xiξτ
2 ` ξ2τ2

2τ2pτ2 ` 1q

“ ´
τ2pX2

i ´ 2Xiξ ` ξ
2q

2τ2pτ2 ` 1q
“ ´

pXi ´ ξq
2

2p1` τ2q

Then, we finally have

1

2πτ
exp

ˆ

´
pXi ´ ξq

2

2p1` τ2q

˙
ż 8

´8

exp

ˆ

´
τ2 ` 1

2τ2
pµi ´mq

2

˙

dµi “
1

2πτ
exp

ˆ

´
pXi ´ ξq

2

2p1` τ2q

˙

c

2πτ2

τ2 ` 1

“
1

a

2πp1` τ2q
exp

ˆ

´
pXi ´ ξq

2

2p1` τ2q

˙
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2. (8 points) We adopt a Hierarchical Bayes approach and put an improper prior πpξ, τq91 on
the hyperparameters. Write down the posterior density πpξ, τ | Xq (up to a normalizing
constant). Under what condition on n is this posterior well-defined (proper)?

Correction: The posterior is proportional to likelihood ˆ prior:

πpξ, τ | Xq9ppX | ξ, τq ¨ 19p1` τ2q´n{2 exp

ˆ

´

ř

pXi ´ ξq
2

2p1` τ2q

˙

Using the decomposition
ř

pXi ´ ξq
2 “ S2 ` npXn ´ ξq

2, where S2 “
ř

pXi ´Xnq
2:

πpξ, τ | Xq9p1` τ2q´n{2 exp

ˆ

´
S2

2p1` τ2q

˙

exp

ˆ

´
npXn ´ ξq

2

2p1` τ2q

˙

To check propriety, we integrate over the hyperparameters.

(a) Integrating over ξ:

ż 8

´8

exp

ˆ

´
npξ ´Xnq

2

2p1` τ2q

˙

dξ “

c

2πp1` τ2q

n
9p1` τ2q1{2

(b) Integrating the result over τ (on p0,8q): The marginal for τ is proportional to

p1` τ2q´n{2p1` τ2q1{2 exp

ˆ

´
S2

2p1` τ2q

˙

“ p1` τ2q´pn´1q{2 exp

ˆ

´
S2

2p1` τ2q

˙

For large τ , the integrand behaves like τ´pn´1q. The integral converges if n´ 1 ą 1, i.e.,
n ą 2. Thus, the posterior is well-defined for n ě 3.

We now wish to test the hypothesis H0 : µ1 “ ¨ ¨ ¨ “ µn against its complementary H1. We fix
the hyperparameters ξ and τ .

3. (5 points) Give the definition of the Bayes Factor Bπ
0{1 in terms of marginal likelihoods.

Correction: The Bayes Factor Bπ
0{1 is defined as the ratio of the marginal likelihood of the

data under model H0 to the marginal likelihood of the data under model H1:

Bπ
0{1 “

ş

H0
pθpXqdπ0pθq

ş

H1
pθpXqdπ1pθq

where π0 and π1 be the restrictions of the prior π to H0 and H1.
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4. (10 points) We admit that under the constrained model H0, the common mean µ follows the
prior µ „ N pξ, τ2q, and the prior is unchanged under H1. Prove that the Bayes Factor is

Bπ
0{1 “

c

p1` τ2qn

1` nτ2
exp

ˆ

´
τ2

2

„

S2

1` τ2
´
npn´ 1qpXn ´ ξq

2

p1` τ2qp1` nτ2q

˙

Correction: Denominator (H1): The marginal likelihood under H1 corresponds to the
unconstrained case calculated in Question 1:

p2πp1` τ2qq´n{2 exp

ˆ

´

ř

pXi ´ ξq
2

2p1` τ2q

˙

Numerator (H0): Under H0, we have Xi “ µ ` εi with µ „ N pξ, τ2q. This implies that
the vector X follows a multivariate normal distribution with mean vector ξ1 and covariance
matrix Σ “ In ` τ

211T . Alternatively, we can integrate out µ as before:

ż

˜

n
ź

i“1

1
?

2π
e´

pXi´µq
2

2

¸

1
?

2πτ2
e´

pµ´ξq2

2τ2 dµ

“ p2πq´n{2p2πτ2q´1{2

ż

exp

˜

´
1

2

n
ÿ

i“1

pXi ´ µq
2 ´

pµ´ ξq2

2τ2

¸

dµ

“ p2πq´n{2p2πτ2q´1{2e´S
2{2

ż

exp

ˆ

´
1

2

„

npµ´ X̄nq
2 `

pµ´ ξq2

τ2

˙

dµ

Let Qpµq “ npµ´ X̄nq
2 ` 1

τ2
pµ´ ξq2. Expanding and grouping by µ

Qpµq “ µ2

ˆ

n`
1

τ2

˙

´ 2µ

ˆ

nX̄n `
ξ

τ2

˙

`

ˆ

nX̄2
n `

ξ2

τ2

˙

Let A “ n ` 1
τ2
“ nτ2`1

τ2
and m “

nX̄n`ξ{τ2

A . Completing the square: Qpµq “ Apµ ´mq2 `
´

nX̄2
n `

ξ2

τ2

¯

´Am2. The integral over µ yields
a

2π{A. The remaining exponent is:

ˆ

nX̄2
n `

ξ2

τ2

˙

´
pnX̄n ` ξ{τ

2q2

n` 1{τ2

“
pnX̄2

n ` ξ
2{τ2qpn` 1{τ2q ´ pn2X̄2

n ` 2nX̄nξ{τ
2 ` ξ2{τ4q

n` 1{τ2

“
nX̄2

n{τ
2 ` nξ2{τ2 ´ 2nX̄nξ{τ

2

n` 1{τ2
“
npX̄n ´ ξq

2

nτ2 ` 1

Combining terms:

p2πq´n{2
1

?
2πτ2

c

2πτ2

nτ2 ` 1
exp

ˆ

´
1

2

„

S2 `
npX̄n ´ ξq

2

1` nτ2

˙

“ p2πq´n{2p1` nτ2q´1{2 exp

ˆ

´
1

2

„

S2 `
npX̄n ´ ξq

2

1` nτ2

˙

Bayes Factor:

Bπ
0{1 “

p1` nτ2q´1{2

p1` τ2q´n{2

exp
´

´1
2

”

S2 `
npXn´ξq2

1`nτ2

ı¯

exp
´

´1
2
S2`npXn´ξq2

1`τ2

¯
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This simplifies to:

Bπ
0{1 “

c

p1` τ2qn

1` nτ2
exp

ˆ

´
τ2

2

„

S2

1` τ2
´
npn´ 1qpXn ´ ξq

2

p1` τ2qp1` nτ2q

˙
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5. (8 points) What is your decision if we set the hyperparameter τ2 Ñ 0 and we consider an
unbalanced loss function where the cost of a Type I error (a1) is strictly greater than the cost
of a Type II error (a0), a1 ą a0?

Correction: Introducing π0 the prior probability of H0 (and 1 ´ π0 the prior probability
of H1). The Bayes decision rule for a generic hypothesis test H0 vs H1 with costs a1 (false
positive) and a0 (false negative) is to reject H0 if:

πpH1 | Xq ą
a1

a0 ` a1
ðñ

πpH1 | Xq

πpH0 | Xq
ą
a1

a0

This is equivalent to:

Bπ
0{1 ă

π0a0

p1´ π0qa1

Now we analyze the behavior of the Bayes Factor Bπ
0{1 as τ2 Ñ 0. As τ2 Ñ 0:

• The term inside the exponential approaches 0 (since τ2 is in the numerator). Thus
expp. . . q Ñ 1.

• The other factor:
b

p1`0qn

1`0 “
?

1 “ 1.

Therefore, as τ2 Ñ 0, Bπ
0{1 Ñ 1. The decision condition becomes:

1 ă
π0a0

p1´ π0qa1
ðñ p1´ π0qa1 ă π0a0
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SCRAP PAPER – WILL NOT BE GRADED.
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SCRAP PAPER – WILL NOT BE GRADED.
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Distribution PDF / PMF CDF Mean Variance

Poissonpλq λk

k! e
´λ, k ě 0 e´λ

řk
i“0

λi

i! λ λ

Uniform U ra, bs 1
b´a

x´a
b´a

1
2pa` bq

1
12pb´ aq

2

Gammapk, θq θkxk´1e´θx

Γpkq 1xą0

şx
0
θktk´1e´θt

Γpkq dt k{θ k{θ2

Geometric Gppq p1´ pqk´1p, k ě 1 1´ p1´ pqk 1
p

1´p
p2

Normal Npµ, σ2q 1?
2πσ2

e´px´µq
2{p2σ2q

şx
´8

fptqdt µ σ2

Standard Normal Np0, 1q 1?
2π
e´x

2{2 Φpxq “ 1?
2π

şx
´8

e´t
2{2dt 0 1

Exponential exppλq λe´λx, x ě 0 1´ e´λx 1
λ

1
λ2

Binomial Binpn, pq
`

n
k

˘

pkp1´ pqn´k
řk
i“0

`

n
i

˘

pip1´ pqn´i np npp1´ pq

Betapa, bq xa´1p1´xqb´1

Bpa,bq , 0 ď x ď 1
şx
0
ta´1p1´tqb´1

Bpa,bq dt a
a`b

ab
pa`bq2pa`b`1q

Table 1: Summary of Common Probability Distributions
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