PRACTICE MIDTERM EXAM — WITH CORRECTIONS

STAD91 WINTER 2026
University of Toronto Scarborough

Exam duration: 2H
No calculators will be allowed during the midterm exam.
A formula sheet with the usual families of distributions will be provided during the actual midterm.

Read the following instructions carefully:

1. Exam is closed book and internet. You can use an optional handwritten aid sheet (A4 double-
sided).

2. If a question asks you to do some calculations, you must show your work for full credit.
3. Conceptual questions do not require long answers.
4. You will write your answers to each question in the space provided on the exam sheet.

5. After solving each question, you should write your answers immediately. Do not wait last
minute to write them all at once.

6. Do not share the exam with anyone or in any platform!

7. Lastly, enjoy the problems!!!



1. Exponential Models and Bayes Estimators (30 pts)
Let n > 3. Consider the following Bayesian framework:

0 ~TI=E(1)
X|0 ~ PP = £(0)%"

1. Determine the posterior distribution.

Correction: We have the prior 7(6) = e %14~ and the likelihood L(X|0) = [ ]I, fe %i =
Hne_eri _ Qne—nyne_

The posterior density is proportional to:

W(Q’X)OCG_Q . 0”6_"7"0119>0 = 9”6_(”Y”+1)9]lg>0

We recognize the kernel of a Gamma distribution. Thus:

X ~T(n+1,nX, +1)

2. Consider the loss function £(0,t) = €’(t — 0)2. Give the Bayes estimator 7% = T*(X) for II
and this loss function.

Correction: The Bayes estimator minimizes the posterior expected loss.
p(H,TW)()xt[(YW—-Q)zenemLX"19>0d0
—

R
chl"(n#»l,nfn) (9)

Calculating the expectations using the Gamma density properties (or by observing the mod-
ified kernels):

— 1
T* — E[T(n + 1,nX,)[X] = "
nX,
is the Bayes estimator.

3. Show that, under P?”, the variable nX,, follows a Gamma distribution and specify its pa-

rameters. Deduce Eg [%] and Ey [

| omd Bt |

Correction: Under Pg®"7 the X; are i.i.d. £(#). The sum of n independent exponentials
follows a Gamma distribution. Therefore, nX,, = >, X; ~ I'(n, 0).

Using the moments of the inverse Gamma distribution (or direct integration):

I%[n;ﬁ}:7lﬁl and Eehn;QQ}:(n—lin—Q)

4. Show that the point risk R(0,T7*) = Ey[¢(0,T*)] can be written in the form:

an +b 02,00

MO D)



where a and b are two positive constants to be specified.

Correction:

nX,
2
= 'R, (n—i—l) —26Li1+6?2
nX, nX,
:69<(n+1)2E9{ ! ]—2(n+1)«9E9[ S }+92>
(nX,)? nXp,

Substituting the moments from the previous question and simplifying:

R(0,T%) = (n—n&;—z)%e

Thus, a =1 and b =T7.

. What is the Bayes risk Rp(II)? Deduce the minimax risk Ryy.
Correction:

+00

Ri(IT) = B[R(6,T*)] J 62800 — 400

+a0
R(6, T*)x(8)df = f ntt
0

o (n—=1)(n-2)

Since the Bayes risk is smaller than the minimax risk (Rp < Rj), we deduce that Ry, = +o0.

. We wish to test
Hp:0=1 against Hy:0=2.

To do this, we now consider the prior II = %(51 + %(52 and the balanced loss function. Show
that the Bayes test can be expressed in the form ¢*(X) = 1 (Xn<ch for a certain constant
c € R that you will determine.

Correction: From the course, the Bayes test for balanced loss is given by:

P (X) = Linyx)<ly
Or equivalently comparing the weighted likelihoods:

_ T1({1})p1 (X) 1

1
2 I({1})p1(X) + T({2})p2(X) ~ 2
= p1(X) < p2(X)

H({1}X) <

lne—an < 2n6—2an
X,
— "t L 2"
nln2

n<In2

<

|
>

n

|
|

Thus, ¢*(X) = Lx, <) S0 ¢ = In(2).



2. Gaussian Model and Empirical Bayes (25 pts)

Let A > 0 and n > 5 be an integer. Consider the following Bayesian model:

0~ =E()N)

1\®"
X = (Xl,...,Xn)|9~N<O,9)

1. Determine the posterior distribution II[-|X]. We denote S% = > | X2.
Correction: For all 0 > 0:
m(0]1X) oc 6_)\097L/26_%92X12]19>0 oC 0”/26_9(>‘+%S§()]lg>0
Therefore:
[ [X] =T (1 + g A+ ;S§(>

2. Give a Bayes estimator for the quadratic loss.
Correction: A Bayes estimator for the quadratic loss is the posterior mean:
n/2 +1 n+ 2

T*(X) = E[9|X] = _
(X) [01X] A+1S2 24+ 5%

3. Consider the estimator 0, (X) = 5o~ The objective of this question is to calculate its Bayes
X

risk for II and the quadratic loss.

(a) Let 6 > 0. Given 6 = 0, what distribution does §5% follow?
Correction: Given 6 = 6, the variables v/#X; are i.i.d standard Gaussians. Thus:

n
05% = Z(\/gXi)Q ~ X5
i=1
(b) Deduce, for all § > 0, Eg[s%] and Eg[s%].
X X
Correction: Recall that if Y ~ X?lv it is identical to F(%, %) Using this:

<[]l
" [Slx} - [(051%02] "o 2§Zn =y

(c) Deduce that for all 8 > 0, the point risk is R(6, én(X)) = %02.

2
n 1 1
Eg| (60— — =60% — 2nEy | — 2By | —
[< sx)] " [sJ* [sx]

2n n?
:92<L‘n—2+(n—2xn—®)
_ 2(n+4) 02

(n—2)(n—4)

Correction:




(d) Deduce the Bayes risk for IT of the estimator gn(X)
Correction: Since § ~ £(\), we know E[0?] = 2/\2. Thus:

~ 2(n+4)

Rp(I1,0,) m 4(n +4) 1

E[F°] = (n—2)(n—4)

4. Use the Empirical Bayes method to calibrate A\. Show that for all A > 0, the marginal density

Fa(X) satisfies:
A

(A + Sx)iL

and determine the marginal maximum likelihood estimator of .

a(X) e

Correction: For all A > 0, using the change of variable §' = §(\ + 5%):
oo 1o A o / A
f)\ (X) aoC J Aen/2€70()\+§sx)d0 aoC N looBil f 6ln/2670 d@l oC N laoBal
0 (A +35%)2 " Jo (A +39%)2"
Passing to the log-likelihood:

\(X) = c+log(A) — (n/2 + 1) log(X + %S%)

Differentiating with respect to A:

, 1 n/2+1

X)y= — —

Setting to 0 implies:
1 _, 1., n

The maximum is attained at /A\(X) =15%.

5. Give the pseudo-posterior distribution obtained by the empirical Bayes method in this case.
What do we find by considering the associated pseudo-posterior mean?
Correction: The pseudo-posterior obtained by empirical Bayes is F(”T”, ”2—225)2(), which,

given X, has expectation 0, (X)

. n
= .
SX



3. Poisson Distribution and improper priors (25 pts)

Let X be a random variable following a Poisson distribution P(#) with # € R, and z1,...,2, a
sample from this distribution.

1. Determine the Jeffreys prior measure 77 (6).
Correction:  The Jeffreys prior is given by 77/(0)cc+/I(0), where I(0) is the Fisher in-
formation. For X ~ P(#), the likelihood is f(z|f) = 67;!61. The log-likelihood is ¢(6) =
—0 + xInf — In(z!). The second derivative is ;;26(9) = —2. The Fisher information is

1(0) = —E[- %] = & = $. Thus, 77/ (0) oc/1/0 = 6712,

>

2. Evaluate, based on the existence of posterior distributions, which prior is more suitable be-
tween mpoc 1/6 and 7.

Correction: The posterior density is proportional to likelihood x prior. The likelihood is

proportional to e 0§ %

e For myoc§~1: The posterior is oc e 0> ~1 where S,, = Y x;. After a change of variable
0’ = nd, this integrates to a quantity equal to I'(S,,) up to a multiplicative factor. If
Sy =0 (all z; = 0), the integral diverges (Gamma(0) is undefined).

e For 7/ oc #=1/2: The posterior is oc e 095 ~1/2 Since S,, = 0, the exponent S,, — 1/2 >
—0.5 > —1, so the integral always converges to a proper Gamma distribution.
Thus, 7/ is more suitable as it yields a proper posterior even when S, = 0.

3. Let mo(0) oc 6 with a € RT.

(a) Show that the posterior distribution 74 (6|21, . .., x,) is a Gamma distribution and specify
its shape parameter A and rate parameter B.

Correction:
6—9 9.1‘1

o efaeanHSn _ H(Snfoﬁrl)flefn@

ma(0x) o0~ |
This is the kernel of a Gamma distribution I'(A, B) with:
A=S,—a+1 and B=n

(Note: Requires A > 0).

(b) Write down the integral definition for the posterior predictive mass function P(Xye, =

k|x1,...,zy,) using the posterior density you found in the previous step.
Correction:
P = k%) = [ P(Xoew = HOW(O1)0 = [ 2 B 04 e a0
(Xnew = ‘X)_O (Xnew = k|0)p(0]x) _OTM €
(c) Compute the integral to find the closed-form expression for P(X,ew = k|z1,...,2,) in

terms of Gamma functions. Identify the name of this known distribution.



Correction: Below, use the change-of-variable § — (B + 1)6:

BA (% iaca —(B+1)6
P(Xpew = k|x) = (A ), 0 e de

_ BY T(k+A)
~ KID(A) (B + 1)k+4

Tk+A) ( B\ 1\
k(A \B+1 B+1
This is the probability mass function of the Negative Binomial distribution N B(r, p)

with parameters r = A and success probability p = %'

(d) Provide the expressions for its expectation and variance, and state their conditions for

existence.
Correction: For Y ~ NB(r,p):

_ AL
E[Y] _ 7"(1 p) _ BB+1 _ %
p B+l
rl—p) A AB+1)
Var(Y) = 3 = ﬁ(B +1) = 7

These exist provided A > 0.



4. Bayesian Linear Regression (20 pts)

Consider a simple linear regression model where we assume the intercept is zero and the noise
variance o2 is known. We observe data D = {(z;,;)}";. The model is:

yi = Bx; + €, € ~ N(0,0?)
We place a Gaussian prior on the slope parameter: 8 ~ N (uq, Tg).

1. Write down the likelihood p(y|x, ). Express it as a single multivariate normal distribution.

Correction: The likelihood is the product of independent Gaussian densities:

p(ylx,8) = 1_[ eXp( 212( 51‘1))

In vector notation, y ~ N (xf3,0%L,).

2. Derive the posterior distribution p(8|x,y). Show that 8|y ~ N (i, 72) and find expressions
for the posterior precision (1/7.2) and the posterior mean ().

Correction:
p(Bly) cm(B)p(ylB)
oL exp (—(B_NO)Q> exp <—Z(yl — ﬁlii)?)

278 202

Expanding the terms in the exponent (focusing on f):

(G5 e (=) ]

This matches the exponent a Gaussian density N (i, 72).

Posterior Precision:

1_ 1, %a?
2 12 o2
n 0
Posterior Mean:
2 [ MO Z TiYi
Nn — In ?02 + 0_2

3. Interpret the expression for the posterior precision. How does the ”sample information” and
the ”prior information” combine to determine our certainty about 57

Correction: The posterior precision is the sum of the prior precision (1/7'3) coming from
the prior belief and the data precision (Fisher information, Y} z2/0?), provided by the data.

4. Suppose we use a "flat” prior by letting ’TO — o0. Show that the posterior mean pu,, converges

to the ordinary least-square estimator Borg = DI ;31
Correction: As 72 1/r2 — 0. Then & — 2% 5072 22, Th b :
orrection: As 75 — o0, 1/75 — 0. en = el W S e mean becomes:

o ( Z%%)_Z%w

S o’ 2

which is exactly BO LS-



5. What is the distribution of the posterior predictive p(y*|z*, x,y) for a new observation y* at
a new given point z*?

Correction: We have y* = Ba* + ¢, with 8 ~ N(uy,72) and € ~ N(0,0?) independent.
Thus y* is a linear combination of independent Gaussians.

Ely*|y] = «*E[Bly] = 2™ i

Var(y*|y) = (*)*Var(8ly) + Var(e) = (2*)?72 + o?
So, Y|y ~ N (x*n, 0% + (z%)%72).



