
PRACTICE FINAL EXAM

STAD91 WINTER 2026
University of Toronto Scarborough

Exam duration: 3H
No calculators will be allowed during the final exam.
A formula sheet with the usual families of distributions will be provided during the final midterm.

Read the following instructions carefully:

1. Exam is closed book and internet.

2. If a question asks you to do some calculations, you must show your work for full credit. Feel
free to admit the result of a question and use it in your answer to the next ones if you cannot
prove it.

3. Conceptual questions do not require long answers.

4. You will write your answers to each question in the space provided on the exam sheet.

5. After solving each question, you should write your answers immediately. Do not wait last
minute to write them all at once.

6. Do not share the exam with anyone or in any platform!

7. Lastly, enjoy the problems!!!
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Exercise 1 (15 points)

Select the correct answer.

1. According to the Bernstein-von Mises theorem, under certain regularity conditions, the poste-
rior distribution asymptotically approaches a Gaussian distribution centered at the maximum
likelihood estimator, effectively diminishing the influence of the prior.

True False

2. In Bayesian decision theory, the Bayes estimator under a zero-one (0-1) loss function is always
the posterior mean.

True False

3. Gibbs sampling always achieves an acceptance probability of exactly 1 because it acts as
a special case of the Metropolis-Hastings algorithm where the proposal distribution is the
marginal of the posterior distribution of the target variable.

True False

4. While the frequentist LASSO can shrink coefficients to exactly zero, the posterior draws from
a Bayesian LASSO (using a Laplace prior) are never exactly zero with probability 1, meaning
it does not perform exact variable selection.

True False

5. In high-dimensional Bayesian inference, as the number of predictors (p) grows much larger
than the sample size (n), the data likelihood heavily dominates the posterior, making the
choice of prior relatively unimportant.

True False

6. The Horseshoe prior is a global-local shrinkage prior that strictly forces small coefficients to
be exactly zero, performing variable selection in the same discrete manner as the frequentist
LASSO.

True False

7. If a Markov Chain generated by the Metropolis-Hastings algorithm has reached its stationary
distribution, the subsequent samples are completely independent of one another.

True False
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Exercise 3 (40 points)

Let σ2 ą 0 and let x1, . . . , xn be fixed and known real numbers. Consider the following Bayesian
framework:

θ „ Πσ2 “ N p0, σ2q

Y “ pY1, . . . , Ynq|θ “ θ „ N pθx1, 1q b ¨ ¨ ¨ bN pθxn, 1q.

In other words, the distribution of Y is that of θx ` ε, where x “ px1, . . . , xnq, and where ε “
pε1, . . . , εnq „ N p0, 1qbn, with θ and ε independent.

1. Show that the posterior distribution is given by

Πσ2p¨|Yq “ N
ˆ

xx,Yy

σ´2 ` }x}2
,

1

σ´2 ` }x}2

˙

,

where xx,Yy “
řn
i“1 xiYi and }x}2 “ xx, xy “

řn
i“1 x

2
i .

2. What is the posterior mean mY? And the posterior variance vY?

3. We consider the quadratic loss `pθ, tq “ pθ ´ tq2.

(a) Give a Bayes estimator. We will denote it T ‹pYq.

(b) What is the posterior risk of T ‹pYq?

(c) Deduce the value of the Bayes risk RBpΠσ2q.

(d) Suppose that }x}2 ą 0 and consider the estimator T pYq “ xx,Yy
}x}2

.

i. Determine the risk function of T (still for the quadratic loss). One can use the fact
that under Pθ, Y „ xθ ` ε with ε „ N p0, 1qbn.

ii. Is the estimator T minimax?

4. Let θ0 P R. In this question, suppose that the real numbers xi are such that }x}2 tends to
`8 as nÑ `8, and we are interested in the consistency of the posterior distribution at θ0.

(a) Show that for all δ ą 0, we have

P p|θ ´ θ0| ě δ|Yq ď
1

δ2
`

vY ` pmY ´ θ0q
2
˘

.

(b) Using Chebyshev’s inequality, show that

xx, εy

}x}2
P
ÝÑ 0.

(c) Deduce that mY
Pθ0
ÝÝÑ θ0, and conclude.
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Exercise 2 (10 points)

Consider the Poisson model P “ pPpθqbnqθą0, and we wish to test

H0 : θ “ 1 against H1 : θ ‰ 1.

To do this, we consider the balanced loss function and the prior distribution

Π “ αδ1 ` p1´ αqExpp1q,

with α Ps0, 1r.

1. Calculate Πpt1u|Xq.

2. Show that a Bayes test is given by

ϕ‹pXq “ 1"
pnXnq!en

pn`1qnXn`1
ěcα

*,

where cα is a constant depending only on α that you will specify.
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Exercise 4 (35 points)

Let n ě 1. Consider the following Bayesian framework for classification:

f “ pf1, . . . , fnq „ N p0,Kq

y “ py1, . . . , ynq | f „
n
â

i“1

BpΦpfiqq

where K is the covariance matrix evaluated at the inputs xi, B denotes the Bernoulli distribution,
and Φp¨q is the cumulative distribution function of the standard normal distribution. Because the
likelihood is not Gaussian, the posterior distribution is intractable. To formulate a Gibbs sampler,
we introduce continuous latent variables z “ pz1, . . . , zN q such that, for i “ 1, . . . , N :

zi | fi „ N pfi, 1q
yi “ 1tzią0u

1. Show that marginalizing out the latent variable zi recovers the original probit likelihood
ppyi “ 1 | fiq “ Φpfiq. Deduce that the posterior distribution ppf | yq is the same in both
models.

2. Derive the full conditional distribution ppzi | fi, yiq up to a normalizing constant. How would
you sample from this distribution?

3. Derive the full conditional distribution of the latent function values, ppf | z,yq.

4. Describe the steps of a Gibbs sampling algorithm to sample from the posterior distribution
ppf | yq. Specify the distributions used at each step.

In the following, we consider the predictive extension of our model. Let the latent function f
be endowed with a Gaussian process prior with mean zero and covariance kernel k. By the
definition of a Gaussian process, any finite collection of its evaluations is jointly Gaussian.
Therefore, for n training inputs x1, . . . , xn and any new test input x˚, the corresponding
function values f “ pfpx1q, . . . , fpxnqq “ pf1, . . . , fnq and f˚ “ fpx˚q follow a joint multivariate
normal distribution.

5. Suppose we have collected S posterior samples of the latent function values at the training
points from our Gibbs sampler, denoted as tf p1q, . . . , f pSqu. We receive a new test input
x˚. Let K˚ be the 1 ˆ n cross-covariance vector between x˚ and the training inputs, and
K˚˚ “ kpx˚, x˚q be the prior variance at x˚. Describe the step-by-step procedure to generate

a single sample of the predicted class label y
psq
˚ , given a single MCMC sample f psq. Provide

the distribution for each step.

6. The covariance matrix K depends on the choice of kernel function (e.g., the Squared Exponen-
tial kernel) and its hyperparameters, such as the lengthscale l. If you were to use an extremely
small lengthscale, what do you expect will happen to the true posterior distribution of f˚?
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