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Motivation

‚ In a parametric model, the model is represented using parameters

‚ a distribution over parameters can imply a distribution over functions (e.g. Bayesian linear
regression)

‚ In Bayesian inference, we marginalize over parameters to make predictions

‚ Question: could we work directly in the space of functions?



Priors on parameters induce priors on functions

A model M is the choice of a structure and of parameter values.

fw |Mpxq “
J
ÿ

j“1

wjφjpxq

A prior ppw |Mq determines what functions this model can generate.

Example:
‚ Imagine we choose J “ 17, and

independent wj „ N p0, σ2
w q.

‚ Use polynomial basis functions.
φjpxq “ x j .

‚ We have actually defined a prior
distribution over functions ppf |Mq.



Nuissance parameters and distributions over functions

We’ve seen that distributions over parameters can induce distributions over functions.

We’ve set up a schema where we
‚ first set up a model in terms a parameters
‚ then marginalize out the parameters

Typically, we’re not really interested in parameters, we’re interested in predictions.
Meaning, the parameters are a nuisance.

Could we possibly work directly in the space of functions?
‚ simpler inference (no need for marginalization over params)
‚ better understanding of the distributions over functions



A prior over functions view

We have learnt that linear-in-the-parameter models with priors on the weights indirectly specify
priors over functions.

True. . . but those priors over functions might not be good.

. . . why not try to specify priors over functions directly?

What does a probability density over functions even look like?



Posterior probability of a function
Given the prior functions ppf q how can we make predictions and the function itself?
‚ Informally, of all functions generated from the prior, keep those that "nearly" fit the data.
‚ As before, the notion of closeness to the data is given by the likelihood ppy |f q.
‚ We are really interested in the posterior distribution over functions:

ppf |yq “
ppy |f qppf q

ppyq
Bayes Rule

Some samples from the prior Samples from the posterior



Reminder: Conditionals and Marginals of a Gaussian

If x and y are jointly Gaussian

ppx, yq “ p

ˆ„

x
y

˙

“ N
ˆ„

a
b



,

„

A B
BJ C

˙

,

we get the marginal distribution of x, ppxq by

ppx, yq “ N
ˆ„

a
b



,

„

A B
BJ C

˙

ùñ ppxq “ N pa,Aq,

and the conditional distribution of x given y by

ppx, yq “ N
ˆ„

a
b



,

„

A B
BJ C

˙

ùñ ppx|yq “ N pa ` BC´1py ´ bq,A´ BC´1BJq,

where x and y can be scalars or vectors.



What is a Gaussian Process?

A Gaussian process is a generalization of a multivariate Gaussian distribution to infinitely many
variables.
Informally: infinitely long vector » function

Definition
A Gaussian process is a collection of random variables, indexed by x P X , any finite number
of which have (consistent) Gaussian distributions.

‚ A Gaussian distribution is fully specified by a mean vector, µ, and covariance matrix Σ.
‚ A Gaussian process is fully specified by a mean function mpxq and covariance function
kpx, x1q:

f „ N pm, kq

Here f and m are functions on X , and k is a function on X ˆ X



The marginalization property

Thinking of a GP as a Gaussian distribution with an infinitely long mean vector and an infinite
by infinite covariance matrix may seem impractical... Luckily we are saved by the
marginalization property:

For Gaussians:

ppx, yq “ N
ˆ„

a
b



,

„

A B
BJ C

˙

ùñ ppxq “ N pa,Aq,

which works irrespective of the size of y.

For Gaussian processes:

f „ N pm, kq ùñ f “ f pxq „ N pµ “ m “ mpxq,Σ “ K px, xqq.

Key: only ever ask finite dimensional questions about functions.



Random functions from a Gaussian Process
Example: ppf q „ N pm, kq, where mpxq “ 0, and kpx , x 1q “ expp´ 1

2 px ´ x 1q2q.

To get an indication of what this distribution over functions looks like, focus on a finite subset
of function values f “ pf px1q, f px2q, . . . , f pxNqq

J, for which

f „ N p0,Σq, where Σij “ kpxi , xjq.

Then plot the coordinates of f as a function of the corresponding x values.



Joint Generation

To generate a random sample from a D-dimensional joint Gaussian with covariance matrix K
and mean vector m:

1 Draw a vector of independent standard normal random variables, z „ N p0, IDq.
2 Compute the Cholesky factorization of the covariance matrix K such that K “ RJR,

where R is an upper triangular matrix.
3 Apply the affine transformation:

y “ RJz`m

Thus, the covariance of the resulting vector y is:

Erpy ´mqpy ´mqJs “ ErRJzzJRs “ RJErzzJsR “ RJIDR “ K .



Function drawn at random from a Gaussian Process with
Gaussian covariance



Gaussian Process Inference

Recall Bayesian inference in a parametric model.

The posterior is proportional to the prior times the likelihood.

BDimensionality hurdle: We cannot naively take the limit d Ñ8 of Bayes’ rule. For a
standard Gaussian N p0, Idq, the density value at the origin is:

pp0q “
1

p2πqd{2

As d Ñ8, pp0q Ñ 0. In infinite-dimensional spaces, standard probability density functions
(with respect to a Lebesgue measure) cease to exist, so we cannot simply evaluate the limit of
a finite-dimensional density.

How does this work in a Gaussian Process model with infinite parameters then?



Notation: Covariance Matrices for Sets of Points
Before assembling the joint distribution, we need a concise notation for evaluating the
covariance function kpx , x 1q over sets of input points.

Let X1 “ tx1, . . . , xNu be a set of N points, and X2 “ tx
1
1, . . . , x

1
Mu be a set of M points.

We define the cross-covariance matrix K pX1,X2q as the N ˆM matrix where the pi , jq-th entry
is the covariance evaluated between the i-th point of X1 and the j-th point of X2:

K pX1,X2q “

»

—

—

—

–

kpx1, x
1
1q kpx1, x

1
2q . . . kpx1, x

1
Mq

kpx2, x
1
1q kpx2, x

1
2q . . . kpx2, x

1
Mq

...
...

. . .
...

kpxN , x
1
1q kpxN , x

1
2q . . . kpxN , x

1
Mq

fi

ffi

ffi

ffi

fl

Key properties:
‚ K pX1,X1q (often just written as K ) is an N ˆ N symmetric, positive semi-definite matrix.
‚ For different sets, K pX1,X2q is generally a non-square (N ˆM) matrix.
‚ By the symmetry of k , we always have K pX2,X1q “ K pX1,X2q

J.



Gaussian Process Regression: The Finite Setup
We consider a standard regression model with additive Gaussian noise:

yi “ f pxi q ` εi , εi „ N p0, σ2
noiseq

We place a zero-mean GP prior on the unknown function: f „ GPp0, kq.

The trick: To avoid the infinite-dimensional hurdle, we use the marginalization property to
restrict ourselves to a finite set of locations. Let:
‚ X “ px1, . . . , xNq be the training inputs yielding noisy observations y.
‚ X˚ be the test inputs yielding unknown function values f˚ “ f pX˚q.

By the definition of a GP, the joint distribution of the observations y and test function values
f˚ is simply a finite multivariate Gaussian:

„

y
f˚



„ N
ˆ„

0
0



,

„

KpX,Xq ` σ2
noiseI KpX,X˚q

KpX˚,Xq KpX˚,X˚q

˙



Posterior via Gaussian Conditioning
We want to predict the function values f˚ given our training data y.

Since y and f˚ are jointly Gaussian, we can directly apply the standard Gaussian conditioning
formulas we derived earlier!

Recall: If
„

x
y



„ N
ˆ„

a
b



,

„

A B
BJ C

˙

, then ppx|yq “ N pa ` BC´1py ´ bq,A´ BC´1BJq.

Applying this to our joint distribution gives the Gaussian process posterior (or predictive
distribution):

f˚|X, y,X˚ „ N pµ˚|y,Σ˚|yq

where

µ˚|y “ KpX˚,XqrKpX,Xq ` σ2
noiseI s

´1y

Σ˚|y “ KpX˚,X˚q ´KpX˚,XqrKpX,Xq ` σ2
noiseI s

´1KpX,X˚q



Prior and Posterior

Predictive distribution:

y˚|x˚, x, y „ N pkpx˚, xqJrK` σ2
noiseI s

´1y,

kpx˚, x˚q`σ2
noise ´ kpx˚, xqJrK` σ2

noiseI s
´1kpx˚, xqq



Some interpretation

The mean is linear in two ways:

µpx˚q “ Kpx˚, xqrKpx, xq ` σ2
noiseI s

´1y “
N
ÿ

n“1

βnyn “
N
ÿ

n“1

αnkpx˚, xnq.

The last form is most commonly encountered in the kernel literature.

The variance is the difference between two terms:

V rx˚s “ Kpx˚, x˚q ´Kpx˚, xqrKpx, xq ` σ2
noiseI s

´1Kpx, x˚q,

the first term is the prior variance, from which we subtract a (positive) term, telling how much
the data x has explained.

Note, that the variance is independent of the observed outputs y.



From random functions to covariance functions
Consider the class of linear functions:

f pxq “ ax ` b, where a „ N p0, αq, and b „ N p0, βq.

We can compute the mean function:

µpxq “ Erf pxqs “
ĳ

f pxqppaqppbqdadb “

ż

axppaqda`

ż

bppbqdb “ 0,

and covariance function:

kpx , x 1q “ Erpf pxq ´ 0qpf px 1q ´ 0qs “
ĳ

pax ` bqpax 1 ` b1qppaqppbqdadb

“

ż

a2xx 1ppaqda`

ż

b2ppbqdb ` px ` x 1q

ż

abppaqppbqdadb “ αxx 1 ` β.

Therefore: a linear model with Gaussian random parameters corresponds to a GP with
covariance function kpx , x 1q “ αxx 1 ` β.



From finite linear models to Gaussian processes (1)
Finite linear model with Gaussian priors on the weights:

f pxq “
J
ÿ

j“1

wjφjpxq ppwq “ N pw; 0,Aq

The joint distribution of any f “ rf px1q, . . . , f pxNqs
J is a multivariate Gaussian – we have a

Gaussian Process!

The prior ppfq is fully characterized by the mean and covariance functions.

mpxq “ Ewrf pxqs “

ż

˜

J
ÿ

j“1

wjφjpxq

¸

ppwqdw “
J
ÿ

j“1

φjpxq

ż

wjppwqdw

“

J
ÿ

j“1

φjpxq

ż

wjppwjqdwj “ 0

The mean function is zero.



From finite linear models to Gaussian processes (2)

Covariance function of a finite linear model

kpxk , xlq “ Covwpf pxkq, f pxlqq “ Ewrf pxkqf pxlqs ´ Ewrf pxkqsEwrf pxlqs
looooooooooomooooooooooon

“0

“

ż

. . .

ż

˜

J
ÿ

j“1

J
ÿ

i“1

wiwjφkpxkqφlpxlq

¸

ppwqdw

“

J
ÿ

j“1

J
ÿ

i“1

φi pxkqφjpxlq

ĳ

wjwippwj ,wi qdwjdwi
loooooooooooooomoooooooooooooon

Aji

“

J
ÿ

j“1

J
ÿ

i“1

Ajiφjpxkqφi pxlq

kpxk , xlq “ φpxkq
JAφpxlq

Note: If A “ σ2
w I , then kpxk , xlq “ σ2

w

řJ
j“1 φjpxkqφjpxlq “ σ2

wφpxkq
Jφpxlq.



Are polynomials a good prior over functions?
J=0 J=1 J=2

J=3 J=5 J=17



GPs and Linear in the parameters models are equivalent

We’ve seen that a "Linear in the parameters" model, with a Gaussian prior on the weights is
also a GP.

Might it also be the case that every GP corresponds to a "Linear in the parameters" model?

The answer is yes, but not necessarily a finite one.



Mercer’s Theorem and the Infinite Linear Model
Mercer’s Theorem: Let kpx , x 1q be a continuous, symmetric, positive semi-definite kernel
function on a compact domain. Then k can be expressed as an absolutely and uniformly
convergent series:

kpx , x 1q “
8
ÿ

m“1

λmφmpxqφmpx
1q

where λm ě 0 are the eigenvalues and φmpxq are orthonormal functions.

The equivalent GP: Using this eigen-decomposition, any zero-mean Gaussian Process
f „ GPp0, kq can be explicitly constructed as an infinite linear-in-the-parameters model:

f pxq “
8
ÿ

j“1

wj

a

λjφjpxq

where the weights wj are independent standard normal random variables, wj „ N p0, 1q.

Conclusion: A GP is exactly equivalent to a Bayesian linear regression model utilizing an infinite
number of basis functions ψmpxq “

?
λmφmpxq with a standard normal prior on the weights!



Example: squared-exponential kernel
Consider the class of functions (sums of squared exponentials):

f pxq “ lim
NÑ8

1
N

N{2
ÿ

n“´N{2

γn exp

˜

´

ˆ

x ´
n
?
N

˙2
¸

, where γn „ N p0, 1q,@n

“

ż 8

´8

γpuq expp´px ´ uq2qdu, where γpuq „ N p0, 1q,@u.

The mean function is:

µpxq “ Erf pxqs “
ż 8

´8

expp´px ´ uq2q

ż 8

´8

γpuqppγpuqqdγpuq du “ 0,

and the covariance function:

Erf pxqf px 1
qs “

ż

expp´px ´ uq2 ´ px 1
´ uq2qdu

“

ż

exp

˜

´2
ˆ

u ´
x ` x 1

2

˙2

`
px ` x 1

q
2

2
´ x2

´ x 12

¸

du9 exp

˜

´
px ´ x 1

q
2

2

¸

.

Thus, the squared exponential covariance function is equivalent to regression using infinitely
many Gaussian shaped basis functions placed everywhere, not just at your training points!



Hyperparameters: properties of covariance functions

The covariance function which we have seen before

kpx, x1q “ exp

ˆ

´
1
2
px´ x1q2

˙

,

encodes that f pxq and f px1q have large covariance if x is close to x1, but it doesn’t really
quantify what it means by close to?

We can parameterize the covariance function using hyperparameters such as l , in

kpx, x1q “ exp

ˆ

´
px´ x1q2

2l2

˙

.

Learning in Gaussian process models involves finding
‚ the form of the covariance function, and
‚ any unknown (hyper-) parameters H.



Model Selection, Hyperparameters, and ARD
We need to determine both the form and parameters of the covariance function.
We typically use a hierarchical model, where the parameters of the covariance are called
hyperparameters.
For instance, we can use the automatic relevance determination (ARD) covariance functions for
feature/variable selection, e.g.:

kpx, x1q “ v2
0 exp

˜

´

D
ÿ

d“1

pxd ´ x 1dq
2

2v2
d

¸

, hyperparameters θ “ tv0, v1, . . . , vD , σ
2
nu.

v1 “ v2 “ 1 v1 “ v2 “ 0.32 v1 “ 0.32 and v2 “ 1



Matérn covariance functions
Stationary covariance functions can also be based on the Matérn form:

kpx, x1q “
1

Γpνq2ν´1

„

?
2ν
`
}x´ x1}

ν

Kν

ˆ

?
2ν
`
}x´ x1}

˙

,

where Kν is the modified Bessel function of second kind of order ν, and ` is the characteristic
length scale.

Sample functions from Matérn forms are tν ´ 1{2u times differentiable. Thus, the
hyperparameter ν can control the degree of smoothness.

Special cases: Let r “ }x´ x1}
‚ kν“1{2prq “ exp

`

´ r
`

˘

: Laplacian covariance function, Ornstein-Uhlenbeck („ Brownian motion)

‚ kν“3{2prq “
´

1`
?

3r
`

¯

exp
´

´
?

3r
`

¯

(once differentiable)

‚ kν“5{2prq “
´

1`
?

5r
`
` 5r2

3`2

¯

exp
´

´
?

5r
`

¯

(twice differentiable)

‚ kνÑ8 “ exp
´

´ r2

2`2

¯

: smooth (infinitely differentiable)



Periodic, smooth functions
To create a distribution over periodic functions of x , we can first map the inputs to
u “ psinpxq, cospxqqJ, and then measure distances in the u space. Combined with the SE
covariance function, which characteristic length scale `, we get:

kperiodicpx , x
1q “ expp´2 sin2

pπpx ´ x 1qq{`2q

Three functions drawn at random; left ` ą 1, and right ` ă 1.



The Gaussian process marginal likelihood

Writing H the set of hyperparameters, the log marginal likelihood has a closed form

log ppy|x,Hq “ ´1
2
yJrK` σ2

nIs
´1y´

1
2

log |K` σ2
nI| ´

n

2
logp2πq

and is the combination of a data fit term and complexity penalty.



Example: Fitting the length scale parameter
Parameterized covariance function: kpx , x 1q “ v2 exp

´

´
px´x 1

q
2

2l2

¯

.

The mean posterior predictive function is plotted for 3 different length scales (the blue curve
corresponds to optimizing the marginal likelihood). Notice, that an almost exact fit to the data
can be achieved by reducing the length scale – but the marginal likelihood does not favour this!



An illustrative analogous example

Imagine the simple task of fitting the variance, σ2, of a zero-mean Gaussian to a set of n scalar
observations.

The log likelihood is log ppy|µ, σ2q “ ´ 1
2y
Jy{σ2´ n

2 logpσ2q ´ n
2 logp2πq


