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Intractable Posteriors

Apart from a few classical examples, the posterior ⇡ r ¨ |Xs is intractable.
Popular methods to compute / sample from the posterior:

‚ Sampling/Monte-Carlo methods (Lecture 5): MCMC (Gibbs Sampler,
Metropolis-Hastings), Langevin Monte-Carlo, Approximate Bayesian computation, etc.

‚ optimization methods (Lecture 6, today): Variational inference (VI).



Variational Inference

‚ Variational inference (VI) methods are a class of ubiquitously used approaches for Bayesian
inference wherein we try to directly learn an approximation for the posterior ⇡ r ✓ |Xs

‚ Key idea: reformulate the inference problem to an optimization by learning parameters of
a posterior approximation

‚ We do this through introducing a parameterized variational family q�p✓q then finding the
parameter � that gives the "best" approximation

‚ VI is especially powerful for factorized posteriors as it will allow easy and effective
exploitation of the factorization (see below)

optimofadistribution optionofsomeparameters



Divergences

‚ How do we quantitatively assess how similar two distributions P and Q are to one another?

‚ Similarity between distributions is much more subjective than you might expect,
particularly for continuous variables

‚ A divergence DpP ||Qq is a, typically asymmetric, way of measuring dissimilarity between
two distributions P and Q

‚ We already came across an example divergence in the form of the total variation distance



Definition of VI

1 Chose a tractable family F of probability distributions on the parameter ✓
2 Define

q˚ “ argmin
qPF

Dpq||⇡p✓|Xqqq.

Examples
‚ parametric approximation

F “
 
N pµ,⌃q : µ P Rd ,⌃ P S`

d

(
.

‚ mean-field approximation, ✓ “ p✓1, ✓2q P ⇥ “ ⇥1 ˆ ⇥2,

F “ tq : qp✓q “ q1p✓1qq2p✓2qu .
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Subjectivity of Divergences

Which is the best fitting Gaussian to our target blue distribution?

Either can be the best depending on how we define our divergence



The Kullback–Leibler (KL) Divergence

The Kullback–Leibler (KL) divergence is one of the most commonly used due to its simplicity,
useful computational properties, and the fact that it naturally arises in a number of scenarios

DKLpQ k Pq “ EX„Q

„
log

ˆ
qpX q
ppX q

˙⇢
“ Eqpxq

„
log

ˆ
qpxq
ppxq

˙⇢

Properties
‚ DKLpQ k Pq • 0, @P ,Q (Gibbs’ inequality)
‚ DKLpQ k Pq “ 0 if and only if ppxq “ qpxq @x (or P=Q)
‚ In general, DKLpQ k Pq ‰ DKLpP k Qq



Asymmetry of KL Divergence

Blue: target P

Green: Gaussian Q that minimizes DKLpQ k Pq

Red: Gaussian Q that minimizes DKLpP k Qq



Reverse vs. Forward KL: Intuition

We are approximating a target distribution P with a tractable approximation Q.

‚ Reverse KL (Standard VI): DKLpQ k Pq “ EQ

„
log

qpxq
ppxq

⇢
“
ª
qpxq log qpxq

ppxqdx
‚ Intuition: To minimize the KL, qpxq must be zero wherever ppxq is zero, or the ratio blows

up.
‚ Result: This forces qpxq to avoid regions where ppxq has low probability. If ppxq is

multimodal, qpxq locks onto a single peak. This is mode seeking.

‚ Forward KL: DKLpP k Qq “ EP

„
log

ppxq
qpxq

⇢
“
ª
ppxq log ppxq

qpxqdx
‚ Intuition: To minimize the KL, qpxq must be non-zero wherever ppxq is non-zero, or the

ratio blows up.
‚ Result: This forces qpxq to cover the entire support of ppxq. It averages across modes and

bridges gaps. This is mode covering.



Visualizing the Difference

Black: Target distribution P

‚ Intractable, multimodal posterior.
Red: Forward KL Min. DKLpP k Qq

‚ Mode Covering.
‚ Overestimates variance.

Green: Reverse KL Min. DKLpQ k Pq

‚ Mode Seeking.
‚ Standard behavior of VI.
‚ Underestimates variance.



Variational Inference

In variational inference with a parameterized variational family of distributions q�p✓q, we
look for

�˚ “ argmin
�

DKLpq�p✓q k ⇡p✓|Xqq

This allows us to convert the original inference problem into an optimization

Critically, we will find that we only need the unnormalized form of this posterior, ⇡p✓qp✓pXq,
to perform this optimization
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Variational Inference Optimization

q�p✓q

�0

⇡p✓|Xq

�˚ DKL
`
q�˚p✓q k ⇡p✓|Xq

˘



Variational Inference

We cannot work directly with DKLpq�p✓q k ⇡p✓|Xqq because we don’t know the posterior density

However, by noting that the marginal likelihood f pXq “ ≥
⇥ p✓pXq⇡p✓q d⌫p✓q is independent of

our variational parameters �, we see that we can work with the joint instead

�˚ “ argmin
�

DKLpq�p✓q k ⇡p✓|Xqq

“ argmin
�

Eq�p✓q

„
log

ˆ
q�p✓q
⇡p✓|Xq

˙⇢
´ log f pXq

“ argmin
�

Eq�p✓q

„
log

ˆ
q�p✓q

⇡p✓qp✓pXq

˙⇢

This trick is a large part of why we work with DKLpq�p✓q k ⇡p✓|Xqq rather than
DKLp⇡p✓|Xq k q�p✓qq

Mol x P



The ELBO

We can equivalently think about the optimization problem in VI as the maximization

�˚ “ argmax
�

Lp�q

where

Lp�q :“ Eq�p✓q

„
log

ˆ
⇡p✓qp✓pXq

q�p✓q

˙⇢
“ Eq�p✓q rlog p✓pXqs ´ DKLpq� k ⇡q

“ log f pXq ´ DKLpq�p✓q k ⇡p✓|Xqq

Lp�q is known as the evidence lower bound (ELBO) or occasionally as the variational free

energy

Note that if our variational approximation is exact, that is q�p✓q “ ⇡p✓|Xq, then
Lp�q “ log f pXq such that it exactly equals the log evidence

so log f x



The ELBO

The name ELBO comes from the fact that it is a lower bound on the log evidence by Jensen’s
inequality using the concavity of log

Eq�p✓q

„
log

ˆ
⇡p✓qp✓pXq

q�p✓q

˙⇢
§ log

ˆ
Eq�p✓q

„
⇡p✓qp✓pXq

q�p✓q

⇢˙
“ log ppXq

This bound is tight when q�p✓q “ ⇡p✓|Xq

log

ˆ
u1 ` u2

2

˙

• log u1 ` log u2

2

for any u1, u2 ° 0
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Optimizing the ELBO

To find the best variational parameters, we need to optimize Lp�q

There are different ways of doing this, but one common approach is to use a gradient method
where we have

r�Lp�q “ Eq�p✓q

„
r� log

ˆ
⇡p✓qp✓pXq

q�p✓q

˙⇢

`
ª
log

ˆ
⇡p✓qp✓pXq

q�p✓q

˙
r�q�p✓qd✓

If we can (approximately) calculate this gradient, we can then optimize � by using a
(stochastic) gradient ascent approach

In the simplest case, we initialize at some �0 and repeatedly apply

�n`1 – �n ` ✏nr�Lp�nq
until convergence, where ✏n are our step sizes



Stochastic Variational Inference

q�p✓q

�0

�1

�2

�3

⇡p✓|Xq

�˚ DKL
`
q�˚p✓q k ⇡p✓|Xq

˘
randomestimatorsofthe
gradients MonteCarlo



Gradient estimator

Usually, the gradient is not available in closed-form but often it is possible to build an
unbiased estimate of it: r̂�Lp�q.

First, let’s say we want to take the gradient w.r.t. � of an expectation of the form,

Eqp✓qrg�p✓qs

where p is a density. Provided we can differentiate g�p✓q, we can easily compute/approximate
the gradient:

r�Eqp✓qrg�p✓qs “ Eqp✓qrr�g�p✓qs « 1
M

Mÿ

i“1

r�g�p✓i q

In words, the gradient of the expectation is equal to the expectation of the gradient.



Gradient estimator

But what happens if our density q is also parameterized by � as in VI?

r�Eq�p✓qrg�p✓qs “ r�

„ª
q�p✓qg�p✓qd✓

⇢

“
ª
r�rq�p✓qg�p✓qsd✓

“
ª
g�p✓qr�q�p✓qd✓

loooooooooomoooooooooon
What about this?

`Eq�p✓qrr�g�p✓qs

The first term of the last equation is not guaranteed to be an expectation.

Consequence: Monte Carlo methods cannot be used to approximate the integral. This may not
be a problem if we have an analytic solution to r�p�p✓q, but this is not true in general.



The Reparameterization Trick

To solve this, we decouple the randomness from the parameters using the reparameterization

trick.

We assume our random variable ✓ „ q� can be expressed a deterministic, differentiable
function h� of sone noise ✏ „ pp✏q, sampled from a parameter-free distribution:

✓ “ h�p✏q

This allows us to rewrite our expectation so the distribution no longer depends on ✓:

Ep�p✓qrg�p✓qs “ Epp✏qrg�ph�p✏qqs

The
90



Estimating the Gradient

Because pp✏q does not depend on �, we can again easily pass the gradient inside the
expectation:

r�Ep�p✓qrg�p✓qs “ r�Epp✏qrg�ph�p✏qqs
“ Epp✏qrr�g�ph�p✏qqs

« 1
L

Lÿ

l“1

r�g�ph�p✏plqqq

Key takeaway: We use the reparameterization trick to express a gradient of an expectation as
an expectation of a gradient. Provided g� ˝ h� is differentiable, we can then use Monte Carlo
methods to construct an unbiased estimate.



Gaussian Example: Computing the KL Divergence

Assume: q� “ N pµ,�2I q, with � “ pµ,�q P Rd ˆ R˚
`, and prior ⇡ “ N p0, I q.

To compute the ELBO, we need the KL divergence DKLpq� k ⇡q. The general formula for two
multivariate Gaussians N0pµ0,⌃0q and N1pµ1,⌃1q in d dimensions is:

DKLpN0 k N1q “ 1
2

„
trp⌃´1

1
⌃0q ` pµ0 ´ µ1qT⌃´1

1
pµ0 ´ µ1q ´ d ` ln

ˆ |⌃1|
|⌃0|

˙⇢

Substituting µ0 “ µ, ⌃0 “ �2I , µ1 “ 0, and ⌃1 “ I :

DKLpq� k ⇡q “ 1
2

„
trp�2I q ` µT Iµ ´ d ` ln

ˆ
1

|�2I |

˙⇢

“ 1
2

“
d�2 ` }µ}2 ´ d ´ lnpp�2qdq

‰

“ }µ}2 ` dp�2 ´ logp�2q ´ 1q
2

J

determinant



Gaussian Example: SVI

Using the reparameterization trick, we write our parameter ✓ „ q� as ✓ “ µ ` �✏, where
✏ „ N p0, I q.

Lp�q “ Eq�p✓q rlog p✓pXqs ´ DKLpq� k ⇡q

“ E✏„N p0,Iqrlog pµ`�✏pXqs ´ }µ}2 ` dp�2 ´ logp�2q ´ 1q
2

And so the true gradient is:

rLp�q “ E✏„N p0,Iq rr� log pµ`�✏pXqs ´
ˆ

µ
d

`
� ´ 1

�

˘
˙

Using m Monte Carlo samples ✏1, . . . , ✏m „ N p0, I q, we get the unbiased estimator:

r̂Lp�q “
ˆ

1

m

∞m
j“1

r log pµ`�✏j pXq ´ µ
1

m

∞m
j“1

✏Tj r log pµ`�✏j pXq ´ d
`
� ´ 1

�

˘
˙

hole Ytre



Mean-Field Approximations

Another option, not relying on a parameter �, is the mean-field variational family, where the
coordinates of the parameter ✓ “ p✓1, . . . , ✓mq are mutually independent and each governed by
a distinct factor in the variational density.
A generic member of the mean-field variational family is

qp✓q “
mπ

j“1

qjp✓jq

Note: we have not specified the parametric form of the individual variational factors. In
principle, each can take on any parametric form

q�p✓q “
π

i

q�j p✓jq

There are a number of scenarios where this can help make maximizing the ELBO more tractable



Effect of Mean-field Approximations

The mean-field family is expressive because it can
capture any marginal density of the parameter.
However, it cannot capture correlation between
them.

A secondary effect of mean-field approximations is
that they tend to lead to underestimating the
variance once coupled with the mode-seeking
behavior of DKLpqp✓q k ⇡p✓|Xqq

Optimal variational approximation (red) for target in

green when making a mean-field assumption of two

dimensions of ✓.
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Optimal Mean-Field Distribution

Theorem
If ✓ “ p✓1, . . . , ✓mq, the optimal mean-field approximation q˚ is such that for any j P rr1,mss, if
we fix the remaining distributions q˚

i‰j ,

q˚
j “ argmax

qj
ELBOpqjq ùñ q˚

j p✓jq “
exp

´
E✓i‰j„q˚

i‰j
rlog ⇡p✓i‰j , ✓jqp✓i‰j ,✓j pXqqs

¯

≥
exp

´
E✓i‰j„q˚

i‰j
rlog ⇡p✓i‰j , ✓jqp✓i‰j ,✓j pXqs

¯
d✓j

where

ELBOpqjq “
ª «

qj
π

i‰j

q˚
i

�«
log p⇡p✓qp✓pXqq ´

˜
log qj `

ÿ

i‰j

log q˚
i

¸�
d✓



Proof: Expanding the ELBO

Let’s isolate the terms depending on ✓j :

ELBOpqjq ““
ª «

qj
π

i‰j

q˚
i

�«
log p⇡p✓qp✓pXqq ´

˜
log qj `

ÿ

i‰j

log q˚
i

¸�
d✓

“
ª

✓j

qjp✓jq
ª

✓i‰j

«
π

i‰j

q˚
i p✓i q

�«
log p⇡p✓qp✓pXqq ´

˜
log qjp✓jq `

ÿ

i‰j

log q˚
i p✓i q

¸�
d✓i‰jd✓j

“
ª

✓j

qjp✓jq
ª

✓i‰j

«
π

i‰j

q˚
i p✓i q

�
log p⇡p✓qp✓pXqq d✓i‰jd✓j

´
ª

✓j

qjp✓jq
ª

✓i‰j

«
π

i‰j

q˚
i p✓i q

�˜
log qjp✓jq `

ÿ

i‰j

log q˚
i p✓i q

¸
d✓i‰jd✓j



Proof: Evaluating the Integrals

Step 1: Let log p̃p✓j | Xq :“ Ezi‰j„qi‰j rlog ⇡p✓qp✓pXqs ` K .

ª

✓j

qjp✓jq
ª

✓i‰j

«
π

i‰j

q˚
i p✓i q

�
log p⇡p✓qp✓pXqq d✓i‰jd✓j “

ª

✓j

qjp✓jq Ezi‰j„qi‰j rlog ⇡p✓qp✓pXqsd✓j

“
ª

✓j

qjp✓jq plog p̃p✓j | Xqq ´ K qd✓j

“
ª

✓j

qjp✓jq log p̃p✓j | Xqd✓j ´ K

The constant ´K will be absorbed into a general constant C .

JO



Proof: Evaluating the Integrals

Step 2:

ª

✓j

qjp✓jq
ª

✓i‰j

«
π

i‰j

q˚
i p✓i q

�˜
log qjp✓jq `

ÿ

i‰j

log q˚
i p✓i q

¸
d✓i‰jd✓j

“
ª

zj

qjp✓jq log qjp✓jqd✓j
ª

✓i‰j

«
π

i‰j

qi p✓i q
�
d✓i‰j

looooooooooooomooooooooooooon
“1

`K̂

ª

✓j

qjp✓jqd✓j
loooooomoooooon

“1

“
ª

✓j

qj log qjp✓jqd✓j ` K̂

where K̂ :“ ≥
✓i‰j

”±
i‰j qi p✓i q

ı∞
i‰j log qi p✓i qd✓i‰j is constant w.r.t qj and absorbed into a

general constant C .



Proof: Finding the Optimal Distribution

Combining the evaluated integrals, we get:

ELBOpqjq “
ª

✓j

qjp✓jq log p̃p✓j | Xqd✓j ´
ª

✓j

qj log qjp✓jqd✓j ` C

“ ´DKLpqjp✓jq k p̃p✓j | Xqq ` C

It is clear that q˚
j :“ p̃p¨ | Xq maximizes ELBOpqjq because it causes the KL divergence term

to be zero. Rewriting q˚
j , we have:

log q˚
j p✓jq “ log p̃p✓j | Xq

“ Ezi‰j„qi‰j rlog ⇡p✓qp✓pXqs ` K

ùñ q˚
j p✓jq “ exp

`
Ezi‰j„qi‰j rlog ⇡p✓qp✓pXqs

˘
exppK q

“ exp
`
Ezi‰j„qi‰j rlog ⇡p✓qp✓pXqs

˘
≥
exp

`
Ezi‰j„qi‰j rlog ⇡p✓qp✓pXqs

˘
d✓j

The constant exppK q is the normalization constant. ⌅



Coordinate Ascent Variational Inference (CAVI)

Algorithm: CAVI
Input: Unnormalized posterior ⇡p✓qp✓pXq
Output: A variational density qp✓q “ ±m

j“1
qjp✓jq

Initialize: Variational factors qjp✓jq

while the ELBO has not converged do

for j P t1, . . . ,mu do

Set qjp✓jq9 exp
`
E✓i‰j„qi‰j rlog ⇡p✓i‰j , ✓jqp✓i‰j ,✓j pXqqs˘

end

Compute ELBO
end

return qp✓q



CAVI and Gibbs Sampling

CAVI is closely related to Gibbs sampling

‚ Gibbs Sampler: Maintains a realization of the parameters and iteratively samples from
each component’s complete conditional.

‚ CAVI: Uses the same complete conditional. However, it takes the expected log, and uses
this quantity to iteratively set each variable’s variational factor.

Convergence Property
By iteratively updating these factors, CAVI goes uphill on the ELBO, eventually finding a local

optimum.



Pros and Cons of Variational Methods

Pros
‚ Typically more efficient than MCMC

approaches, particularly in high
dimensions once we exploit the
stochastic variational approach

‚ Can often provided effective inference
for models where MCMC methods
have impractically slow convergence

‚ Allows simultaneous optimization of
model parameters

Cons
‚ It produces (potentially very) biased

estimates and requires strong structural
assumptions to be made about the form of
the posterior

‚ Unlike MCMC methods, this bias stays
even in the limit of large computation

‚ Can require substantial tailoring to a
particular problem

‚ Very difficult to estimate how much error
there is in the approximation: subsequent
estimates can be unreliable, particularly in
their uncertainty

‚ Tends to underestimate the variance of the
posterior, particularly when using inexact
mean-field approximations


