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Simple linear model with normal errors

« The random errors are sometimes assumed to be normally distributed.

« Simple linear model with normal errors:
Y, = Bo + 51X + €,

where ¢; are independent and identically distributed (i.i.d) with normal
distribution with mean 0 and variance o2.

« In terms of Y, this means that we have the conditional distribution

Y|X =2~ N(Bo + Biz,0?)
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Parameter Estimation

Sample Data:
R

egression Modeé
y=hKtpxte
Regression Equation
E@y) = A+ Bix
Unknown Parameters
Bo By

Yoh

Y Yn

Estimated

byand b, Regression Equation
| provide estimates of y=by+bx N
Sy and B, Sample Statistics

by, by

« Maximum likelihood estimation
1 1
. 2\ _ _ L _ )2
f(y7 ﬂ07 617 o ) - 27_[_0_2 Exp ( 20_2 (yl ﬂO ﬁlxl) )

Likelihood Function:
L(Bo, B1,0°) = O}y f(yi; Bo, 1, 0°)
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Parameter Estimation

To find m.Le for (g, 31, and o2, we can maximize the following:

Log-likelihood Function:

1 n
In L(Bo, B1,0%) = K —nlno — 573 ;@ — Bo — Brs)?

Maximizing Likelihood function w.r.t 8y, (7 is equivalent to minimizing,

n

Z(yz — Bo — Brzi)?

=il
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Parameter Estimation

Method of least squares
Simple linear model:
Yi=Po+H/Xit+e
Goal: Find the best estimates, Bo and 31 given the data.
+ What does it mean, “best”?
- Least squares: best by criterion

n

Q(Bo, 1) = > (i — Bo — fam:)’

=1

+ Find the Bo and 51 that minimizes the criterion Q.
1. Write the normal equations (derivatives of Q set to 0)

2. Find the solution of the normal equations
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Least squares, mechanically

85
80
75

70

65

25 5.0 7.5 10.0
X

Attach each observation to the line by a spring. A spring stretched by e; stores energy
proportional to €2, so the total energy is > e? = Q(Bo, ).

The least squares line is where the springs come to rest.
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Least Square Estimators

Minimise Q(Bo, B1) = Y., (i — Bo — Brz:)” over By and Si.

Normal equations. Set both partial derivatives to zero:

_ _o 99 _ ¥ _
6,80 —22 — fo - Buzi) = 0, a—ﬁl——2;wi(yi—ﬁo—ﬁlxi)—o
Divide the first by —2 and expand: > yi = nfo + B1 ), x4, S0

The fitted line always passes through the point (z,Y").
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Least Square Estimators

Substitute Bo =Y — Bla"c into the second normal equation:

n

Zwi(yi—?—31(ici —i)) =0.

g=il

Solving for Bl,

s D@ -EG-Y) Sy
B = @ =

T (@ — 1) S

where Sy =Y .(zi —2)(Yi—Y) and Sap =Y (2 — 2)°.

Q is a positive quadratic in (5o, 81), so this stationary point is the minimum.
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Sums of squares, and where r comes in

Notation

Forasample (z1,Y1),..., (%n, Ya),

n n n

Spy = Z(m —z)?, Sey = Z(l’z —-z)(Y; - Y), Syy = Z(Yl -Y)>

i=1 =1 =1

These are sums, not averages. The empirical variances, covariance and correlation are

52 S & o Sey 82 o Syy r = Szy _ Szy
z = 5 zY — ) Y — ’ - - '
n—1 =1l n—1 Sz Sy SzzSyy

The factor n — 1 cancels in the slope, which is why both forms are seen:

F; Szy  Say 5 Syy
= = =r — = .
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Dividing by Sy,

A weighted sum of the Y;, with weights fixed by the design.
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Least Square Estimators

Other criteria. Why square the errors?

We could use least absolute deviations estimates, minimizing
1(Bo, B1) Z\ yi — Bo — 1)

+ Convenience. () is differentiable everywhere, so the normal equations have a
closed-form solution. (01 is not differentiable at zero and needs an algorithm
(linear programming).

+ Optimality. Under the assumptions of the next slide, least squares is the best
estimator of a whole class.
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Gauss-Markov Theorem

Theorem 1 (Gauss—-Markov)

Consider the simple linear model
Yi=00+ /X +¢

Suppose that the following assumptions (called Gauss-Markov assumptions)
concerning the random errors are satisfied:

+ Mean zero: E(e;) =0

- Constant variance: Var(e;) = o>
+ Uncorrelated: Cov(e;, ;) =0, @ # j

Then the least square estimators BO and Bl are unbiased and have minimum
variance among all unbiased linear estimators (BLUE).

The conclusion holds for both estimators separately, and in fact for any linear
combination cg 3y + ¢1/3;1: for instance the fitted mean 3y + 8129 is BLUE for
E(Y | X = xg). Note that normality is not assumed.
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The interpretation of o>

The variance, o2 controls the dispersion of Y around By + 51 X

small dispersion large dispersion
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Fitted values and Residuals

Definition

Regression equation or fitted regression line
Y =By + BiX,

where Y is the estimated mean of the response variable at level X of the
explanatory.

+ For each observation, we can compute the fitted value:
YYi:BO'i_BlXZﬁ i=1,...,n

- The vertical distance from the observed y; to the fitted value is called the
residual

e=Yi-Y;=Y;— (Bo+AX), i=1,....n
The residuals can be thought of as predicted values of the unknown errors

€1y, €n.
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