Exam revision
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Final exam logistic

Final exam will be held in person on April 14, at 9AM-12PM Toronto local time in rooms
WB 116-119.

Exam will be 100 points in total and 180 mins long. Students are required to be at the
exam location at least 10 mins early, with valid identification. Exam will be administered
by FAS.

You can use one optional A4 handwritten aid sheets - double-sided.
Exam covers all lectures (weeks 1-12), it is closed book/internet.
A (longer) practice exam has been posted.

OH will be held as usual next week.
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Probabilistic ML Terminology

The final exam will be on the entire course; however, it will be (slightly) more weighted
towards post-midterm material. We will go briefly over the main concepts:

® MLE / Exponential families ® Variational Inference

® Directed Graphical Models * EM algorithm

® Decision theory ® Neural networks

® Variable elimination ® Bayesian regression

® Message passing ¢ Gaussian processes

¢ Hidden Markov Models ® Embeddings/Attention
® Sampling methods ® Variational autoencoders
® Markov chain Monte Carlo ¢ Diffusion models
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Week 1: Exponential families

Definition
Density of a member of the exponential family is of the form:

p(x|n) = h(x) exp{n" T(x) — A(n)}

T(x): Sufficient statistics
e 7: Natural parameter

A(n): Log-partition function

® h(x): carrying measure

Moments of sufficient statistics can be found easily by differentiating the log-partition function!

Examples: Gaussian, Gamma, Exponential, Beta, Dirichlet, Poisson, Geometric... Broad class

of distributions!
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Week 2: Decision theory, Expected loss

® Minimizing the misclassification rate:

® We use a loss function to measure the loss incurred by taking any of the available
decisions.

® e.g. consider a medical diagnosis example; example of a loss matrix:

Decision Incorrectly classify as healthy
cancer normal
cancer 0 1000
normal 1 0

Truth

Incorrectly classify as cancer
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Week 2: Directed Acyclic Graphical Models (Bayesian
Networks)

® A directed acyclic graphical model (DAGM) implies a
factorization of the joint distribution.

® Variables are represented by nodes, and edges represent
dependence.

DAGM induces factorization of the joint distribution of xq, x2, ..., xu:
N
p(Xla cee aXN) = HP(X,'“I)B(X,'))
i=1
where pa(x;) is the set of nodes with edges pointing to x;.

Pruning algorithm
Allow to read relevant conditional independences from the graph.
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Week 3: Variable elimination

Main point
Order in which variables are marginalized affects the computational cost!
Main tool in exact inference is variable elimination:

® A simple and general exact inference algorithm in any probabilistic graphical model
(DAGMs).

® Has computational complexity that depends on the graph structure of the model.

® Sum-product is used to obtain marginals.
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Week 3: Complexity of Variable Elimination Ordering

¢ Different elimination orderings will involve different number of variables appearing inside
each sum.

¢ The complexity of the VE algorithm is

O(mkMes<)

where
® mis the number of initial factors.
® k is the number of states each random variable takes (assumed to be equal here).
® N; is the number of random variables inside each sum 3.
® Nmax = max; N; is the number of variables inside the largest sum.
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Week 3: Inference in Trees

There is a canonical way to do variable elimination on trees.
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z

9/41



Week 3: Message Passing on Trees

® The message sent from variable j to i € N(j) is

mj_i(x;) = Z%(&)W(Xiﬁg) k ng\{_} My (X})

® AIf x; is observed, the message is instead
misi(x) = (&)Y %) [ miei(%)
keN()H\{i}

® To compute all marginals, two passes are needed: one from leaves to root, one from root
to leaves. Once the message passing stage is complete, compute beliefs

b(x;) oc ¥i(xi) n mji(x;)

JEN()

and normalize.
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Week 4: Hidden Markov Models

¢ Important DAGMs to simplify the joint distribution.
e Posterior inference takes the special form:

p(ze|x1:1) o€ p(ze, x1:¢)p(Xe+1.7|2¢) o¢ (Forward Recursion)(Backward Recursion)

* Forward-backward algorithm to compute p(z;|x1.7)
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Week 4: Estimation method, Simple Monte Carlo

Estimation problem using simple Monte Carlo:

* Simple Monte Carlo: Given {x("'}R_, ~ p(x) we can estimate the expectation
Ey~px)[@(x)] using the estimator ®:

&= E,pp[o(x)] ~ % Do) =

* The fact that ® is a consistent estimator of ® follows from the Law of Large Numbers
(LLN).
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Week 4: Importance Sampling

Assume:
® Target p(x) can be evaluated up to normalizing constant j(x)

® There is a simpler density, g(x) from which it is easy to sample from and can evaluate up
to normalizing constant §(x)

Sample: x{" ~ q(x) = §(x)/Z,
Importance sampling: estimate the expectation of a function ¢(x).

. . 5(x("
® Introduce weights: w, = %

® The importance weighted estimator of E,¢(x)

R
&Diw = Z ¢(X(r)) 7
r=1
where w, = <%

r=1Wr
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Week 4: Rejection sampling

(a) o~ (b) 2270

, S, Q' (x) . \ Q' (x)
\

The procedure is as follows:
@ Generate two random numbers.

@ x is generated from g(x).
@® u is generated uniformly from the interval [0, cg™(x)].

@® Accept or reject the sample x by comparing the value of u with p*(x)

@ If u> p*(x), then x is rejected.
@® Otherwise x is accepted; x is added to our set of samples {x("}.
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Week 5: Markov Chain Monte Carlo (MCMC)

® In contrast to rejection sampling, where the
accepted points {x(!)} are independent, MCMC
methods generate a dependent sequence.

* Each sample x() has a probability distribution that
depends on the previous value, x(t=1).

¢ MCMC methods need to be run for a time in order
to generate samples that are from the target
distribution p.

We can still do Monte Carlo estimation for large enough T to estimate the mean of a test

function ¢:
T

Eyp[f Z F(x®).

(also a good idea to discard a bunch of initial samples)
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Week 5: Metropolis-Hastings algorithm

As before, assume we can evaluate 5(x) for any x. Our procedure:

* A tentative new state x’ is generated from the proposal density g(x’|x(*)). We accept the
new state with probability

"ot : p(x)a(x®|x")
A(x |x( )) = min {17 ﬁ(x(f))q(x’x(f))}

* |If accepted, set x(tt1) = x’. Otherwise, set x(*) = x(©),

® Metropolis: Simpler version when g(x’|x) = g(x|x’) for all x, x’.

® Theorem: This procedure defines a Markov chain with stationary distribution 7(x) equal
to the target distribution p(x).
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Week 5: Gibbs Sampling Procedure

Suppose the vector x has been divided into d components

X = (X1, Xd)-

Start with any x(©) = (xl(o)7 . 7x((f))). In the t-th iteration:

® Forj=1,...,d:
® Sample th) from the conditional distribution given other components:

1
X~ plxIxY)

Where x(fj_n represents all the components of x except for x; at their current values:

(

tj_l) = (xl(t),xz(t),... X XD

(t=1)
XG0 X1 e X )

* No accept/reject, only accept.

The conditional distribution does not depend on the normalizing constant.
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Week 5: Hamiltonian Monte Carlo

The HMC algorithm (run until it mixes):
e Current position: (x(t=1) v(t=1))

Sample momentum: v() ~ A/(0, /).

e Start at (x,v) = (x(t=1, v(9)) and run Leapfrog integrator for L steps and reach (x’,v').
(a point with approximately the same total energy)
® Accept new state (x’, —v’) with probability:

[, e(HOY, D))
{1’ exp(H(x', V) }

® Low energy points are favored.
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Week 6: Variational Inference and KL divergence

We will measure the difference between g and p using the Kullback-Leibler divergence

KL(a(z)lp(z) = | a2 |OgZE2dz o =Y k,gzg

Properties of the KL Divergence
* KL(qllp) = 0
* KL(qllp) =0<=qg=p
* KL(qllp) # KL(pl|q)
e KL divergence is not a metric, since it is not symmetric
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Week 6: Information (I-)Projection

l-projection: g* = argmingeo KL(q||p) = Exq(x) log ZEX
°* p~q = KL(q||p) small
® |-projection underestimates support, and does not yield the correct moments.

* KL(q||p) penalizes g having mass where p has none.

p(x) is mixture of two 2D Gaussians and Q is the set of all 2D Gaussian distributions (with

arbitrary covariance matrices)

p=Blue, g*=Red (two equivalently good solutions!)
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Week 6: Moment (M-)projection

M-projection: g* = arg mingeg KL(p||q) = Eyp(x) log %.
°* p~qg = KL(p||q) small
* KL(p||q) penalizes g missing mass where p has some.
® M-projection yields a distribution g(x) with the correct mean and covariance if Q is the

family of Gaussians.

p(x) is mixture of two 2D Gaussians and Q is the set of all 2D Gaussian distributions (with
arbitrary covariance matrices)

p=Blue, g*=Red
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Week 6: Evidence Lower Bound

ELBO is a lower bound on the (log) evidence. Maximizing the ELBO is the same as minimizing
KL(qy(2)llp(z|x))-

KL(qs(2)||p(2x)) = Ez~q, log F‘,’(";ﬂzx)) = Eanay ['°g (W) ' p'fixi>)]

=E.q, [Iog :(ZSZX))] + E,ng, log p(x) := —L(¢) + log p(x).

Where L(¢) is the ELBO: L(¢) = E,~q, [log p(z, x) — log q4(2)].
=0,

* Because KL(qgy(2)|lp(z|x))
L(¢) < log p(x)

* maximizing the ELBO = minimizing KL(q4(z)||p(z|x)).
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Week 8: EM Algorithm

Full dataset {X,Z} but we only observe {X}. The model for (x, z) is tractable.

Our knowledge about the latent variables is given only by the posterior distribution
p(ZIX,0).

Because we cannot use the complete data log-likelihood, we can consider expected
complete-data log-likelihood:

Q(6,6°) = > p(Z|X,6°)log p(X, Z|0)
4

In the E-step, we use the current parameters #°' to compute the posterior over the latent
variables p(Z|X, 6°'9).

In the M-step, we find the revised parameter estimate 6 new by maximizing the expected

complete log-likelihood:
0" = arg max Q(h,6°9)
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Week 9: Neural networks

For neural nets, we use a simple model for neuron, or unit:

y H .
output output weights blas

R y=¢(w'x+b)
inputs A

\

X1 T2 T
3 activation function  inputs

* Same as logistic regression: y = o(w'x + b)

® By throwing together lots of these simple neuron-like processing units, we can do some
powerful computations!
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Week 9: Computation in Each Layer

Each layer computes a function.

h® = f(l)( ) = (W(l)x + b(l))
h® — f(2)(h( )= ¢(W(2>h<1) ¥ b(2))

y = f(L)(h(L—l))
The network computes a composition of functions.
y = f(L) 0---0 f(l)(x)

The last layer depends on the task.
* Regression: y = (D (h(t=1) = (w(D)Th(t=1) 4 p(b)
* Classification: y = f(O(h(t=1) = o ((wD)Th(t=1) 4 p(b))

y [0 O O]

f(L)

f(s)...
h? O O O

f(2)
O O O
f(l)

x| OO0
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Week 9: Backpropagation Algorithm

Learning parameters in NN is typically done with SGD, where the gradient is computed using
backpropagation.

Let vq,..., vy be an ordering of the computation graph where parents come before children.
vy denotes the variable for which we try to compute gradients (£, Lz etc).

e forward pass:

Fori=1,...,N,
Compute v; as a function of Parents(v;).

® backward pass (denote v; = %): start setting vy =1

. . - __Ev-
Then fori=N-1,...,1: Vi = Zjecmldren(vl_) Vi
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Week 10: Bayesian Linear Regression

Prior distribution: w ~ A/(0,S)
Model (Likelihood): y | x,w ~ A (w'(x),02)
Assuming fixed/known S and 2.
Deriving the posterior distribution:
log p(w | D) = log p(w) + log p(D | w) + const

L et 1 2
=——w S — — | bw — + const
> Ly yll

L 1 TwT T T
-3 S w—ﬁ(w\I’\Uw—Qy Yw +y y)+const

1 1
= _EWT (a'fz\UTlU + 571) w + —zyTlIJw + const  complete the square
o

Thus w | D ~ N (u, X) where

p=o2xwly ¥-— (afszw + 5*1)_1
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Week 10: Gaussian processes

Linear model: y | x ~ NV(f(x),02) f(x) = w'9(x)

* Given N samples, we have: vy |f ~ N(f,02/)
* Since f is a Gaussian process (w is Gaussian), we have f ~ N (0, K)

Ky = ~kxx0) = p(x) TSy (x)

e Therefore the marginal of y is given by
y ~N(0,C) C=K+o%

where o o
C(xM, xU)) = k(xD xD)) + 025

5,-J-=1ifi:jand5,-j=0.
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Week 10: Gaussian processes
Let's define yy = (y(M),y®@) ... y(M)T,

We have the marginal of yy given by
yN~N(0,CN) CN=KN+O’2/

where Cy(x(),x0)) = k(x() xU)) + 025;.
This reflects the two Gaussian sources of randomness.

Goal in regression: We want to predict for a new input x(N+1). We need

p(y™ ) | yn)

Note that x()'s are treated as constants.
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Week 10: Gaussian processes

* We have
yni1 ~N(0,Cpyr) Crni1 = Kyt + 0?1
where _ _ ' _
CN+1(X(I)7X(J)) = k(X(l),XO)) + U26"j

Cyv k
CNJrl = [k7l\'l C:|

® Here, ¢ = k(x(V+D x(N+1)) 4 52
* kis a vector with entries k; = k(x(7, x(N*1))
® Since yy 1 is multivariate Gaussian, y(NH) | yn is also Gaussian with mean and

covariance
m(x(NH)) _ kTCRlltN 0_2(X(N+1)) =c— kTCKllk
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Week 10: GPs for regression

-0.5 /

® The green curve: the true sinusoid from which the data points, shown in blue, are
obtained with additional of Gaussian noise.

® The red line: mean of the Gaussian process predictive distribution.
® The shaded region: plus and minus two standard deviations.
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Week 11: Word2Vec

We start with a fairly strong assumption:
“Words that have similar meanings will occur in similar contexts”
Based on that we define a context of size k of token x;; as a set of tokens:

context(x,-’j) = {Xi,jfk»Xi,j—(k—l), ey Xi =1y Xi 1y e - ,X,"j+k}

Then given a set of datapoints xj—1.n j—1:.0, and a vocabulary V,_1.y we define an
unsupervised learning task of predicting what words occur in the context of each word in the
vocabulary. More formally, given a sequence of training words xi, ..., x7 we want to maximize

the average log probability:
1 T
T2 2 logp(wlw)

t=1 jecontext(t)

1This is also called a skip-gram
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Week 11: Skip Gram Continued

The basic formulation of p(x|w) uses the softmax function:

o ew((w(w)T(v(x)
PO = S ol (aw)) T (v (V)

where u(w) is the “word” and v(w) is the “context” representation of word w i.e the bBOW.

® |n our particular case we will take u and v to be simple linear projections of the one-hot
(binary BoW) encoding of the word, and context respectively.

u(w) = U - bBoW (w), v(w) =V - bBoW (w)

The matrices U, V will be of size e x M where e is the embedding dimension, which is a
hyperparameter you chose.
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Week 11: Attention is all you need

We can also learn which of the input words are the most important!

We will begin by creating 3 separate embeddings from each of our inputs, by simply multiplying
them by (learned) matrices:

g=WE®  (query)
k = WHKx (key)

v=WwW"x (value)

We then define the Attention Layer as:
m
Attn(q, k, v) Z ai(q
i=1

where « is the scoring function.
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Week 11: Attention is all you need

m

Attn(q, k, v) =2

The most common choice of the attention function is called the dot product attention. We
obtain the scores by a normalized dot product of the k and g vectors.

T
b(q» k) = L\/Hk

where d is a normalizing constant, usually the dimensionality of the vectors.

We then set our attention weights «; to be the softmax of all the scores:

. NE exp(b(q, kl))
Oé/(qa k’) ij=1 exp(b(CIa kJ))
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Week 11: Attention is all you need

=

[} c Y

= 3 E o A

L} o © 2 4

] o € © ﬂJ SN =]
[T o = 60 o ¥ £ (o)} <
£ Oc 302 D2 _ 30 v
F ®oosww< 3 ®n £ <A \

sur
la

zone
économique
européenne
a

été

signé

en

aolt

1992

<end>

36 /41



Week 12: Autoencoders

Autoencoders reconstruct their input via an encoder and a decoder.
® Encoder: g(x) =z€e F, xeX
® Decoder: f(z) =Xe X
* where X is the data space, and F is the feature (latent) space.
® zis the code, compressed representation of the input, x. It is important that this code is a
bottleneck, i.e. that
dim F « dim X

Goal: X =f(g(x)) ~ x.

inpu} output

decoder

encoder 37/41



Week 12: Variational Autoencoders

® The mean p controls where encoding of input is centered while the standard deviation
controls how much can the encoding vary.

Variational A e

(wand o iniializ a probabilty distribation)

® Encodings are generated at random from the “circle”, the decoder learns that all nearby
points refer to the same input.
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Week 12: VAE objective

e Recall the idea behind Variational Inference:

L(0, ¢|x) = ELBO = log ps(x) — KL(g¢(z|x)||pe(z|x))
= E,q, [log ps(x|2)] — KL(g4(z|x)|[p(2))

which is the (negative) loss function we use when training VAEs.

® First term in blue is the expected log-likelihood and the second is the divergence of g4
from the prior.

® The encoder and decoder in a VAE become:
® Encoder: g4(z|x), where
9s(2]x) = N (u(x), X4(x)),
where p4(x) and diagonal X, (x) are computed by a deep NN
® Decoder: p(x|z) ~ ExpFam(x|dy(z)), where dy(z) is typically a deep neural network
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High level summary

We focused in this course on probabilistic models that scale to big examples.

Some remarks:
e Graphical representations of models allow for structured and scalable aproaches.
¢ Conditional independence is interpretable and provides computational advantages.
¢ |ncorporating latent variables increases flexibility with tiny computational cost.

® Variational inference and other techniques based on EFs have been useful.

In modern ML algorithms models and computation cannot be separated.

® Many new approaches in ML creatively recycle old methods.
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Review lectures.
Understand derivations (ask, check textbooks).
Solve the practice final.

Fill out course evaluations!

Good luck!

Study for the final!
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