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Final exam logistic

‚ Final exam will be held in person on April 14, at 9AM-12PM Toronto local time in rooms
WB 116-119.

‚ Exam will be 100 points in total and 180 mins long. Students are required to be at the
exam location at least 10 mins early, with valid identification. Exam will be administered
by FAS.

‚ You can use one optional A4 handwritten aid sheets - double-sided.

‚ Exam covers all lectures (weeks 1-12), it is closed book/internet.

‚ A (longer) practice exam has been posted.

‚ OH will be held as usual next week.
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Probabilistic ML Terminology

The final exam will be on the entire course; however, it will be (slightly) more weighted
towards post-midterm material. We will go briefly over the main concepts:

‚ MLE / Exponential families
‚ Directed Graphical Models
‚ Decision theory
‚ Variable elimination
‚ Message passing
‚ Hidden Markov Models
‚ Sampling methods
‚ Markov chain Monte Carlo

‚ Variational Inference
‚ EM algorithm
‚ Neural networks
‚ Bayesian regression
‚ Gaussian processes
‚ Embeddings/Attention
‚ Variational autoencoders
‚ Diffusion models
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Week 1: Exponential families
Definition
Density of a member of the exponential family is of the form:

ppx |ηq “ hpxq exptηJT pxq ´ Apηqu

‚ T pxq: Sufficient statistics
‚ η: Natural parameter
‚ Apηq: Log-partition function
‚ hpxq: carrying measure

Moments of sufficient statistics can be found easily by differentiating the log-partition function!

Examples: Gaussian, Gamma, Exponential, Beta, Dirichlet, Poisson, Geometric... Broad class
of distributions!
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Week 2: Decision theory, Expected loss

‚ Minimizing the misclassification rate:

‚ We use a loss function to measure the loss incurred by taking any of the available
decisions.
‚ e.g. consider a medical diagnosis example; example of a loss matrix:
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Week 2: Directed Acyclic Graphical Models (Bayesian
Networks)

‚ A directed acyclic graphical model (DAGM) implies a
factorization of the joint distribution.

‚ Variables are represented by nodes, and edges represent
dependence.

DAGM induces factorization of the joint distribution of x1, x2, . . . , xN :

ppx1, . . . , xNq “
N
ź

i“1

ppxi |papxi qq

where papxi q is the set of nodes with edges pointing to xi .

Pruning algorithm
Allow to read relevant conditional independences from the graph.
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Week 3: Variable elimination

Main point
Order in which variables are marginalized affects the computational cost!

Main tool in exact inference is variable elimination:

‚ A simple and general exact inference algorithm in any probabilistic graphical model
(DAGMs).

‚ Has computational complexity that depends on the graph structure of the model.

‚ Sum-product is used to obtain marginals.
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Week 3: Complexity of Variable Elimination Ordering

‚ Different elimination orderings will involve different number of variables appearing inside
each sum.

‚ The complexity of the VE algorithm is

OpmkNmaxq

where
‚ m is the number of initial factors.
‚ k is the number of states each random variable takes (assumed to be equal here).
‚ Ni is the number of random variables inside each sum

ř

i .
‚ Nmax “ maxi Ni is the number of variables inside the largest sum.
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Week 3: Inference in Trees

There is a canonical way to do variable elimination on trees.

x1

x2 x3

x4 x5

m21px1q

m43px3q m53px3q

m13px3q

ppx3|xE q “
1

ZE

ÿ

x1
ψ1px1qψ2px̄2qψ3px3qψ4px̄4qψ5px̄5qψ12px1, x̄2qψ13px1, x3qψ34px3, x̄4qψ35px3, x̄5q

“
1

ZE
ψ4px̄4qψ34px3, x̄4q
looooooooooooooomooooooooooooooon

m43px3q

ψ5px̄5qψ35px3, x̄5q
looooooooooooooomooooooooooooooon

m53px3q

ψ3px3q
ÿ

x1
ψ1px1qψ13px1, x3qψ2px̄2qψ12px1, x̄2q

looooooooooooooomooooooooooooooon

m21px1q

“
1

ZE
m43px3qm53px3qψ3px3q

ÿ

x1
ψ1px1qψ13px1, x3qm21px1q

looooooooooooooooooooooooomooooooooooooooooooooooooon

m13px3q

“
1

ZE
ψ3px3qm43px3qm53px3qm13px3q “

ψ3px3qm43px3qm53px3qm13px3q
ř

x13
ψ3px13qm43px13qm53px13qm13px13q
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Week 3: Message Passing on Trees

‚ The message sent from variable j to i P Npjq is

mjÑi pxi q “
ÿ

xj

ψjpxjqψijpxi , xjq
ź

kPNpjqztiu

mkÑjpxjq

‚ BIf xj is observed, the message is instead

mjÑi pxi q “ ψjpx̄jqψijpxi , x̄jq
ź

kPNpjqztiu

mkÑjpx̄jq

‚ To compute all marginals, two passes are needed: one from leaves to root, one from root
to leaves. Once the message passing stage is complete, compute beliefs

bpxi q 9 ψi pxi q
ź

jPNpiq

mjÑi pxi q

and normalize.
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Week 4: Hidden Markov Models

‚ Important DAGMs to simplify the joint distribution.

‚ Posterior inference takes the special form:

ppzt |x1:T q 9 ppzt , x1:tqppxt`1:T |ztq 9 pForward RecursionqpBackward Recursionq

‚ Forward-backward algorithm to compute ppzt |x1:T q
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Week 4: Estimation method, Simple Monte Carlo

Estimation problem using simple Monte Carlo:

‚ Simple Monte Carlo: Given txprquRr“1 „ ppxq we can estimate the expectation
Ex„ppxqrφpxqs using the estimator Φ̂:

Φ :“ Ex„ppxqrφpxqs «
1
R

R
ÿ

r“1

φpxprqq :“ Φ̂

‚ The fact that Φ̂ is a consistent estimator of Φ follows from the Law of Large Numbers
(LLN).
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Week 4: Importance Sampling
Assume:
‚ Target ppxq can be evaluated up to normalizing constant p̃pxq
‚ There is a simpler density, qpxq from which it is easy to sample from and can evaluate up

to normalizing constant q̃pxq

Sample: xprq „ qpxq “ q̃pxq{Zq

Importance sampling: estimate the expectation of a function φpxq.

‚ Introduce weights: w̃r “
p̃pxprqq
q̃pxprqq

‚ The importance weighted estimator of Epφpxq

Φ̂iw “

R
ÿ

r“1

φpxprqq ¨ wr

where wr “
w̃r

řR
r“1 w̃r
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Week 4: Rejection sampling

The procedure is as follows:
1 Generate two random numbers.

1 x is generated from qpxq.
2 u is generated uniformly from the interval r0, cq˚pxqs.

2 Accept or reject the sample x by comparing the value of u with p˚pxq

1 If u ą p˚pxq, then x is rejected.
2 Otherwise x is accepted; x is added to our set of samples txprqu.
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Week 5: Markov Chain Monte Carlo (MCMC)

‚ In contrast to rejection sampling, where the
accepted points txptqu are independent, MCMC
methods generate a dependent sequence.

‚ Each sample xptq has a probability distribution that
depends on the previous value, xpt´1q.

‚ MCMC methods need to be run for a time in order
to generate samples that are from the target
distribution p.

We can still do Monte Carlo estimation for large enough T to estimate the mean of a test
function φ:

Ex„prf pxqs «
1
T

T
ÿ

t“1

f pxptqq.

(also a good idea to discard a bunch of initial samples)
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Week 5: Metropolis-Hastings algorithm

As before, assume we can evaluate p̃pxq for any x . Our procedure:
‚ A tentative new state x 1 is generated from the proposal density qpx 1|xptqq. We accept the

new state with probability

Apx 1|xptqq “ min

"

1,
p̃px 1qqpxptq|x 1q

p̃pxptqqqpx 1|xptqq

*

‚ If accepted, set xpt`1q
“ x 1. Otherwise, set xpt`1q

“ xptq.

‚ Metropolis: Simpler version when qpx 1|xq “ qpx |x 1q for all x , x 1.

‚ Theorem: This procedure defines a Markov chain with stationary distribution πpxq equal
to the target distribution ppxq.
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Week 5: Gibbs Sampling Procedure

Suppose the vector x has been divided into d components

x “ px1, . . . , xdq.

Start with any xp0q “ px
p0q
1 , . . . , x

p0q
d q. In the t-th iteration:

‚ For j “ 1, . . . , d :
‚ Sample xptqj from the conditional distribution given other components:

xptqj „ ppxj |x
pt´1q
´j q

Where xpt´1q
´j represents all the components of x except for xj at their current values:

xpt´1q
´j “ pxptq1 , xptq2 , . . . , xptqj´1, x

pt´1q
j`1 , . . . , xpt´1q

d q

‚ No accept/reject, only accept.

The conditional distribution does not depend on the normalizing constant.
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Week 5: Hamiltonian Monte Carlo

The HMC algorithm (run until it mixes):
‚ Current position: pxpt´1q, v pt´1qq

‚ Sample momentum: v ptq „ N p0, I q.

‚ Start at px , vq “ pxpt´1q, v ptqq and run Leapfrog integrator for L steps and reach px 1, v 1q.
(a point with approximately the same total energy)

‚ Accept new state px 1,´v 1q with probability:

min

"

1,
exppHpxpt´1q, v pt´1qqq

exppHpx 1, v 1qq

*

‚ Low energy points are favored.
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Week 6: Variational Inference and KL divergence

We will measure the difference between q and p using the Kullback-Leibler divergence

KLpqpzq||ppzqq “

ż

qpzq log
qpzq

ppzq
dz or “

ÿ

z

qpzq log
qpzq

ppzq

Properties of the KL Divergence
‚ KLpq||pq ě 0
‚ KLpq||pq “ 0ô q “ p

‚ KLpq||pq ‰ KLpp||qq

‚ KL divergence is not a metric, since it is not symmetric
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Week 6: Information (I-)Projection

I-projection: q˚ “ arg minqPQ KLpq||pq “ Ex„qpxq log qpxq
ppxq .

‚ p « q ùñ KLpq||pq small
‚ I-projection underestimates support, and does not yield the correct moments.
‚ KLpq||pq penalizes q having mass where p has none.

ppxq is mixture of two 2D Gaussians and Q is the set of all 2D Gaussian distributions (with
arbitrary covariance matrices)
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Week 6: Moment (M-)projection

M-projection: q˚ “ arg minqPQ KLpp||qq “ Ex„ppxq log ppxq
qpxq .

‚ p « q ùñ KLpp||qq small
‚ KLpp||qq penalizes q missing mass where p has some.
‚ M-projection yields a distribution qpxq with the correct mean and covariance if Q is the

family of Gaussians.

ppxq is mixture of two 2D Gaussians and Q is the set of all 2D Gaussian distributions (with
arbitrary covariance matrices)
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Week 6: Evidence Lower Bound

ELBO is a lower bound on the (log) evidence. Maximizing the ELBO is the same as minimizing
KLpqφpzq||ppz |xqq.

KLpqφpzq||ppz |xqq “ Ez„qφ log
qφpzq

ppz |xq
“ Ez„qφ

„

log

ˆ

qφpzq ¨
ppxq

ppz , xq

˙

“ Ez„qφ

„

log
qφpzq

ppz , xq



` Ez„qφ log ppxq :“ ´Lpφq ` log ppxq.

Where Lpφq is the ELBO: Lpφq “ Ez„qφ rlog ppz , xq ´ log qφpzqs.
‚ Because KLpqφpzq||ppz |xqq ě 0,

Lpφq ď log ppxq

‚ maximizing the ELBO ùñ minimizing KLpqφpzq||ppz |xqq.
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Week 8: EM Algorithm
‚ Full dataset tX,Zu but we only observe tXu. The model for px , zq is tractable.

‚ Our knowledge about the latent variables is given only by the posterior distribution
ppZ|X, θq.

‚ Because we cannot use the complete data log-likelihood, we can consider expected
complete-data log-likelihood:

Qpθ, θoldq “
ÿ

Z

ppZ|X, θoldqlog ppX,Z|θq

‚ In the E-step, we use the current parameters θold to compute the posterior over the latent
variables ppZ|X, θoldq.

‚ In the M-step, we find the revised parameter estimate θ new by maximizing the expected
complete log-likelihood:

θnew “ arg max
θ

Qpθ, θoldq
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Week 9: Neural networks

For neural nets, we use a simple model for neuron, or unit:

‚ Same as logistic regression: y “ σpwJx` bq

‚ By throwing together lots of these simple neuron-like processing units, we can do some
powerful computations!
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Week 9: Computation in Each Layer

Each layer computes a function.

hp1q “ f p1qpxq “ φpWp1qx` bp1qq

hp2q “ f p2qphp1qq “ φpWp2qhp1q ` bp2qq
...

y “ f pLqphpL´1q
q

The network computes a composition of functions.

y “ f pLq ˝ ¨ ¨ ¨ ˝ f p1qpxq.

The last layer depends on the task.
‚ Regression: y “ f pLqphpL´1qq “ pwpLqqJhpL´1q ` bpLq

‚ Classification: y “ f pLqphpL´1qq “ σppwpLqqJhpL´1q ` bpLqq
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Week 9: Backpropagation Algorithm

Learning parameters in NN is typically done with SGD, where the gradient is computed using
backpropagation.

Let v1, . . . , vN be an ordering of the computation graph where parents come before children.
vN denotes the variable for which we try to compute gradients (L, Lreg etc).
‚ forward pass:

For i “ 1, . . . ,N,
Compute vi as a function of Parentspvi q.

‚ backward pass (denote v̄i “
BvN
Bvi

): start setting v̄N “ 1

Then for i “ N ´ 1, . . . , 1: v̄i “
ř

jPChildrenpvi q v̄j
Bvj
Bvi
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Week 10: Bayesian Linear Regression
‚ Prior distribution: w „ N p0,Sq
‚ Model (Likelihood): y | x,w „ N pwJψpxq, σ2q

‚ Assuming fixed/known S and σ2.
‚ Deriving the posterior distribution:

log ppw | Dq “ log ppwq ` log ppD | wq ` const

“ ´
1
2
wJS´1w ´

1
2σ2 }Ψw ´ y}2 ` const

“ ´
1
2
wJS´1w ´

1
2σ2

´

wJΨJΨw ´ 2yJΨw ` yJy
¯

` const

“ ´
1
2
wJ

´

σ
´2ΨJΨ` S´1

¯

w `
1
σ2 yJΨw ` const complete the square

Thus w | D „ N pµ,Σq where

µ “ σ´2ΣΨJy, Σ “
´

σ´2ΨJΨ` S´1
¯´1

27 / 41



Week 10: Gaussian processes

Linear model: y | x „ N pf pxq, σ2q f pxq “ wJψpxq

‚ Given N samples, we have: y | f „ N pf, σ2I q

‚ Since f is a Gaussian process (w is Gaussian), we have f „ N p0,Kq

Kij “
1
α
kpxpiq, xpjqq “ ψpxpiqqJSψpxpjqq

‚ Therefore the marginal of y is given by

y „ N p0,Cq C “ K` σ2I

where
C pxpiq, xpjqq “ kpxpiq, xpjqq ` σ2δij

δij “ 1 if i “ j and δij “ 0.
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Week 10: Gaussian processes

‚ Let’s define yN “ py p1q, y p2q, . . . , y pNqqJ.

‚ We have the marginal of yN given by

yN „ N p0,CNq CN “ KN ` σ
2I

where CNpxpiq, xpjqq “ kpxpiq, xpjqq ` σ2δij .

‚ This reflects the two Gaussian sources of randomness.

‚ Goal in regression: We want to predict for a new input xpN`1q. We need

ppy pN`1q | yNq

‚ Note that xpiq’s are treated as constants.
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Week 10: Gaussian processes

‚ We have
yN`1 „ N p0,CN`1q CN`1 “ KN`1 ` σ

2I

where
CN`1pxpiq, xpjqq “ kpxpiq, xpjqq ` σ2δij

CN`1 “

„

CN k
kT c



.

‚ Here, c “ kpxpN`1q, xpN`1q
q ` σ2

‚ k is a vector with entries ki “ kpxpiq, xpN`1q
q

‚ Since yN`1 is multivariate Gaussian, y pN`1q | yN is also Gaussian with mean and
covariance

mpxpN`1qq “ kTC´1
N tN σ2pxpN`1qq “ c ´ kTC´1

N k
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Week 10: GPs for regression

‚ The green curve: the true sinusoid from which the data points, shown in blue, are
obtained with additional of Gaussian noise.

‚ The red line: mean of the Gaussian process predictive distribution.
‚ The shaded region: plus and minus two standard deviations.
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Week 11: Word2Vec

We start with a fairly strong assumption:

“Words that have similar meanings will occur in similar contexts”

Based on that we define a context of size k of token xi,j as a set of tokens:

contextpxi,jq “ txi,j´k , xi,j´pk´1q, . . . , xi,j´1, xi,j`1, . . . , xi,j`ku

Then given a set of datapoints xi“1:N,j“1:Mi and a vocabulary Vr“1:M we define an
unsupervised learning task of predicting what words occur in the context of each word in the
vocabulary. More formally, given a sequence of training words x1, . . . , xT we want to maximize
the average log probability:

1
T

T
ÿ

t“1

ÿ

jPcontextptq

log ppwj |wtq

1This is also called a skip-gram
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Week 11: Skip Gram Continued

The basic formulation of ppx |wq uses the softmax function:

ppx |wq “
expppupwqqT pvpxqqq

řM
r“1 expppupwqqT pvpVr qqq

where upwq is the “word” and vpwq is the “context” representation of word w i.e the bBOW.

‚ In our particular case we will take u and v to be simple linear projections of the one-hot
(binary BoW) encoding of the word, and context respectively.

upwq “ U ¨ bBoW pwq, vpwq “ V ¨ bBoW pwq

The matrices U,V will be of size e ˆM where e is the embedding dimension, which is a
hyperparameter you chose.
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Week 11: Attention is all you need

We can also learn which of the input words are the most important!

We will begin by creating 3 separate embeddings from each of our inputs, by simply multiplying
them by (learned) matrices:

q “WQx pqueryq

k “W Kx pkeyq

v “W V x pvalueq

We then define the Attention Layer as:

Attnpq, k , vq “
m
ÿ

i“1

αi pq, ki qvi

where α is the scoring function.
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Week 11: Attention is all you need

Attnpq, k , vq “
m
ÿ

i“1

αi pq, ki qvi

The most common choice of the attention function is called the dot product attention. We
obtain the scores by a normalized dot product of the k and q vectors.

bpq, kq “
qTk
?
d

where d is a normalizing constant, usually the dimensionality of the vectors.

We then set our attention weights αi to be the softmax of all the scores:

αi pq, ki q “
exppbpq, ki qq

řm
j“1 exppbpq, kjqq
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Week 11: Attention is all you need
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Week 12: Autoencoders

Autoencoders reconstruct their input via an encoder and a decoder.
‚ Encoder: gpxq “ z P F , x P X
‚ Decoder: f pzq “ x̃ P X
‚ where X is the data space, and F is the feature (latent) space.
‚ z is the code, compressed representation of the input, x . It is important that this code is a

bottleneck, i.e. that
dimF ! dimX

‚ Goal: x̃ “ f pgpxqq « x .
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Week 12: Variational Autoencoders

‚ The mean µ controls where encoding of input is centered while the standard deviation
controls how much can the encoding vary.

‚ Encodings are generated at random from the “circle”, the decoder learns that all nearby
points refer to the same input.
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Week 12: VAE objective
‚ Recall the idea behind Variational Inference:

Lpθ, φ|xq “ ELBO “ log pθpxq ´ KLpqφpz |xq||pθpz |xqq
“ Ez„qφ rlog pθpx |zqs ´ KLpqφpz |xq||ppzqq

which is the (negative) loss function we use when training VAEs.

‚ First term in blue is the expected log-likelihood and the second is the divergence of qφ
from the prior.

‚ The encoder and decoder in a VAE become:
‚ Encoder: qφpz |xq, where

qφpz |xq “ N pµpxq,Σφpxqq,

where µφpxq and diagonal Σφpxq are computed by a deep NN
‚ Decoder: ppx |zq „ ExpFampx |dθpzqq, where dθpzq is typically a deep neural network
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High level summary

We focused in this course on probabilistic models that scale to big examples.

Some remarks:
‚ Graphical representations of models allow for structured and scalable aproaches.
‚ Conditional independence is interpretable and provides computational advantages.
‚ Incorporating latent variables increases flexibility with tiny computational cost.
‚ Variational inference and other techniques based on EFs have been useful.
‚ In modern ML algorithms models and computation cannot be separated.
‚ Many new approaches in ML creatively recycle old methods.
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Study for the final!

‚ Review lectures.

‚ Understand derivations (ask, check textbooks).

‚ Solve the practice final.

‚ Fill out course evaluations!

‚ Good luck!
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