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Overview

First, we recall the basics of linear regression.

Then, we discuss kernel functions.

We end up with learning for Gaussian processes.
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Reminder: Linear Regression
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Completing the Square for Gaussians
Useful technique to find moments of Gaussian random variables.
‚ It is a multivariate generalization of completing the square.
‚ The density of x „ N pµ,Σq satifies:

log ppxq “ ´
1
2
px´ µqJΣ´1

px´ µq ` const

“ ´
1
2
xJΣ´1x` xJΣ´1µ` const

‚ Thus, if we know w is Gaussian with unknown mean µ and covariance Σ, and we also
know that

log ppwq “ ´
1
2
wJAw `wJb` const,

then Σ “ A´1, Σ´1µ “ b and so

w „ N pA´1b,A´1q.
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Bayesian Linear Regression

‚ We take the Bayesian approach to linear regression.
‚ This is in contrast with the standard regression.
‚ By inferring a posterior distribution over the parameters, the model can know what it

doesn’t know.

‚ How can uncertainty in the predictions help us?
‚ Smooth out the predictions by averaging over lots of plausible explanations
‚ Assign confidences to predictions
‚ Make more robust decisions
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Reminder: Linear Regression

‚ Given a training set of inputs and targets tpxpiq, y piqquNi“1

‚ Linear model:
y “ wJψpxq ` ε

where ψpxq : RD Ñ RM is the feature map, w P RM .
‚ We have the design matrix X P RNˆD in input space and the feature matrix and outputs

Ψ “

»

—

—

—

–

¨ ¨ ¨ ψpxp1qq ¨ ¨ ¨

¨ ¨ ¨ ψpxp2qq ¨ ¨ ¨

...
¨ ¨ ¨ ψpxpNqq ¨ ¨ ¨

fi

ffi

ffi

ffi

fl

P RNˆM , y “

»

—

—

—

–

y p1q

y p2q

...
y pNq

fi

ffi

ffi

ffi

fl

.

Predictions are
ŷ “ Ψw.
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Reminder: Ridge Regression
‚ Penalized sum of squares (ridge regression), λ ě 0:

minimize
1
2
}y ´Ψw}2 `

λ

2
}w}2

‚ The gradient: pΨJΨ` λIqw ´ΨJy.
‚ Solution 1: solve analytically by setting the gradient to 0

w “ pΨJΨ` λIq´1ΨJy

‚ Solution 2: solve approximately using gradient descent

w Ð p1´ αλqw ´ αΨJpΨw ´ yq

deterministic Ñ probabilistic Ñ Bayesian
We first recall the standard probabilistic reformulation of this model. Then make this
Bayesian.

7 / 41



Linear Regression as Maximum Likelihood
‚ We can give linear regression a probabilistic interpretation by assuming a Gaussian noise

model:
y | x „ N pwJψpxq, σ2q

‚ Linear regression is just maximum log-likelihood under this model:

N
ÿ

i“1

log ppy piq | xpiq;w, bq “
N
ÿ

i“1

logN py piq;wJψpxpiqq, σ2q

“

N
ÿ

i“1

log

„

1
?
2πσ

exp

ˆ

´
py piq ´wJψpxpiqqq2

2σ2

˙

“ const´
1

2σ2

N
ÿ

i“1

py piq ´wJψpxpiqqq2

“ const´
1

2σ2 }y ´Ψw}2
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Regularized Linear Regression as MAP Estimation
‚ View an L2 regularizer as MAP inference with a Gaussian prior (ppw | Dq9ppwqppD | wq).

argmax
w

log ppw | Dq “ argmax
w
rlog ppwq ` log ppD | wqs

‚ We just derived the likelihood term log ppD | wq:

log ppD | wq “ const´
1

2σ2 }y ´Ψw}2

‚ Assume a Gaussian prior, w „ N pm,Sq:

log ppwq “ log

„

1
p2πqD{2|S|1{2

exp
`

´ 1
2 pw ´mqJS´1pw ´mq

˘



“ ´ 1
2 pw ´mqJS´1pw ´mq ` const

‚ Commonly, m “ 0 and S “ ηI, so

log ppwq “ ´
1
2η
}w}2 ` const.

This is just L2 regularization!
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Full Bayesian Inference

‚ Full Bayesian inference makes predictions by averaging over all likely explanations under
the posterior distribution.

‚ Compute posterior using Bayes’ Rule: ppw | Dq9 ppwqppD | wq

‚ Make predictions using the posterior predictive distribution:

ppy | x,Dq “
ż

ppw | Dq ppy | x,wq dw

‚ Doing this lets us quantify our uncertainty.
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Bayesian Linear Regression

‚ Prior distribution: w „ N p0,Sq

‚ Likelihood: y | x,w „ N pwJψpxq, σ2q

‚ Assuming fixed/known S and σ2 is a big assumption. More on this later.

11 / 41



Bayesian Linear Regression
‚ Bayesian linear regression considers various plausible explanations for how the data were

generated.
‚ It makes predictions using all possible regression weights, weighted by their posterior

probability.
‚ Here are samples from the prior ppwq and posteriors ppw | Dq
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Bayesian Linear Regression: Posterior
‚ Deriving the posterior distribution:

log ppw | Dq “ log ppwq ` log ppD | wq ` const

“ ´
1
2
wJS´1w ´

1
2σ2 }Ψw ´ y}2 ` const

“ ´
1
2
wJS´1w ´

1
2σ2

´

wJΨJΨw ´ 2yJΨw ` yJy
¯

` const

“ ´
1
2
wJ

´

σ´2ΨJΨ` S´1
¯

w `
1
σ2 y

JΨw ` const

“ ´
1
2
wJ

1
σ2

´

ΨJΨ` σ2S´1
¯

w `
1
σ2 y

JΨw ` const pcomplete the square!q

Thus w | D „ N pµ,Σq where

µ “

´

ΨJΨ` σ2S´1
¯´1

ΨJy, Σ “ σ2
´

ΨJΨ` σ2S´1
¯´1
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Bayesian Linear Regression: Posterior

‚ Gaussian prior leads to a Gaussian posterior, and so the Gaussian distribution is the
conjugate prior for linear regression model.

‚ Compare µ “ pΨJΨ` σ2S´1q´1ΨJy to the closed-form solution for ridge regression:

w “ pΨJΨ` λIq´1ΨJy

This is the mean of the posterior for S “ σ2

λ I.

‚ As λÑ 0, the standard deviation of the prior goes to 8, and the mean of the posterior
converges to the MLE (least squares solution).
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Radial bases example
‚ One dimensional example: tpxi , yi quNi“1, y “ wJψpxq ` ε.
‚ We use radial basis function (RBF) features

ψjpxq “ exp

ˆ

´
px ´ µjq

2

2s2

˙
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Radial bases example
Functions sampled from the posterior:
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Posterior predictive distribution
‚ The posterior gives us distribution over the parameter space, but if we want to make

predictions, the natural choice is to use the posterior predictive distribution.
‚ Posterior predictive distribution:

ppy | x,Dq “
ż

ppy | x,wq
loooomoooon

N py ;wJψpxq,σ2q

ppw | Dq
looomooon

N pw;µ,Σq

dw

‚ Another interpretation: y “ wJψpxq ` ε, where ε „ N p0, σ2q is independent of
w | D „ N pµ,Σq.

‚ Again by the fact that affine transformations of Gaussian vectors are Gaussian, y is a
Gaussian distribution with parameters

µpred “ µJψpxq

σ2
pred “ ψpxqJΣψpxq ` σ2

‚ Hence, the posterior predictive distribution is N py | µpred, σ
2
predq.
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Bayesian Linear Regression
We visualize confidence intervals based on the posterior predictive distribution at each point:
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Some problems with this formulation

‚ The MLE will not be uniquely defined if N ă M.
‚ We can use ridge regression or other regularization.

‚ Flexibility may require a large number M of features, which may need to depend on N.

‚ We would like to have a method that is more automatic.

‚ Kernel methods and Gaussian Processes in particular offer such a flexible framework.
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Kernels
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Kernels: Formal definition

‚ A symmetric matrix A P RNˆN is positive semidefinite (PSD) if for every vector u P RN

uJAu ě 0.

Definition: Kernel function (Schoenberg 1938)
A kernel kpx, x1q is any function such that for any N ě 1 and for any data points xpiq for
i “ 1, . . . ,N, the kernel matrix K P RNˆN with entries Kij “ kpxpiq, xpjqq is PSD.

‚ We can use feature maps ψ : RD Ñ RM to define kernels:

kpx, x1q “ ψpxqJψpx1q.

‚ Feature maps define kernels but not all kernels are like that (this can be generalized to
“infinite dimensional” feature maps).
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Feature map defines a kernel

‚ Let kpx, x1q “ ψpxqJψpx1q
‚ The kernel matrix is given as Kij “ kpxpiq, xpjqq, K “ ΨΨJ.
‚ We show that this matrix is positive semi-definite, @u P RN ,

uJKu “ uJΨΨJu “ pΨJuqJΨJu “ }ΨJu}2 ě 0.

Main points:
‚ Forget the feature map.
‚ We can directly choose a kernel and work with it!
‚ The dimension of the feature space does not matter anymore.
‚ Kernels provide a measure of proximity between x and x1.
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Kernels: Examples

Example 1:
‚ D-dimensional inputs: x “ px1, x2, . . . , xDq

J and z “ pz1, z2, . . . zDqJ

kpx, zq “pxJzq2 “ px1z1 ` x2z2 ` . . . q
2

“x2
1 z

2
1 ` 2x1z1x2z2 ` x2

2 z
2
2 ` . . .

“px2
1 , x

2
2 , . . . ,

?
2x1x2, . . . q

Jpz2
1 , z

2
2 , . . . ,

?
2z1z2, . . . q

“ψpxqJψpzq

Example 2 (Gaussian kernel): kpx, zq “ expp´}x´ z}2{2`2q.
‚ The feature vector has infinite dimension here! (a bit of functional analysis)
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Constructing kernels from kernels

Given valid kernels k1px, x1q and k2px, x1q, the following kernels will also be valid:

kpx, x1q “ ck1px, x1q for c ą 0,
kpx, x1q “ f pxqk1px, x1qf px1q
kpx, x1q “ k1px, x1q ` k2px, x1q
kpx, x1q “ k1px, x1q ¨ k2px, x1q

kpx, x1q “ xJAx1 (A PSD)
kpx, x1q “ exppk1px, x1qq
kpx, x1q “ qpk1px, x1qq

where q polynomial with ě 0 coefficients.

24 / 41



Radial basis functions

To get a better feeling for these methods consider the case where kernel is defined by a radial
basis function.
‚ Radial basis functions depend only on the distance from µj , i.e.

ψjpxq “ hp}x´ µj}q.

‚ Sigmoidal basis functions: h is sigmoid.
‚ Gaussian basis functions: h is normal pdf

25 / 41



Example: Radial basis functions

‚ We define two Gaussian basis functions with centers shown by the green crosses, and with
contours shown by the green circles.

‚ Linear decision boundary (right) corresponds to the nonlinear decision boundary in the
input space (left, black curve).
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Gaussian Processes
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Bayesian Linear Regression

‚ We gave linear regression a probabilistic interpretation by assuming a Gaussian noise
model:

y | x „ N pŷpxq, σ2q, ŷpxq “ wJψpxq

‚ and a Gaussian prior

w „ N p0, 1
α
IMq

The prior induces a probability distribution over ŷ

ŷ “ Ψw „ N p0, 1
αΨΨJq

Indeed: EpΨwq “ ΨEpwq “ 0 and varpΨwq “ EpΨwwJΨJq “ ΨEpwwJqΨJ “ 1
α
ΨΨJ.
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Distribution over prediction function

‚ In practice, we evaluate the prediction function ŷpxq at specific points, for example at the
training data points xpiq for i “ 1, . . . ,N.

‚ So we are interested in the joint distribution of the function values

ŷpxp1qq, . . . , ŷpxpNqq

which we denote by the vector ŷ “ pŷpxp1qq, . . . , ŷpxpNqqq.

‚ We showed that
ŷ „ N p0,Kq K “

1
α
ΨΨJ

where K is the (scaled) Gram matrix

Kij “
1
α
kpxpiq, xpjqq “

1
α
ψpxpiqqJψpxpjqq
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Gaussian process

Definition:
A Gaussian process is a probability distribution over functions ŷpxq such that for any N ě 1
and any set of N points xp1q, xp2q, . . . , xpNq in RD , the vector pŷpxp1qq, . . . , ŷpxpNqqq is jointly
Gaussian.

‚ The joint distribution is specified completely by the second-order statistics, i.e. the mean
and the covariance functions.

‚ In most applications, the mean function of ŷpxq can be set to zero and then the Gaussian
process is completely specified by the covariance function

Erŷpxqŷpx1qs “
1
α
kpx, x1q
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Gaussian process (GP)
‚ Directly define the kernel of a Gaussian process, not worrying about the feature map.

Samples from GP for a Gaussian kernel v2e´‖xpiq
´xpjq‖2

2
{p2`2q (left) and an exponential kernel

v2e´‖xpiq
´xpjq‖2

{p2`2q (right).

(How do you think these plots are generated?)
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Gaussian processes for regression: what we learn from the
data

‚ We have the linear model

y | x „ N pŷpxq, σ2q ŷpxq “ wJψpxq

‚ Given N independent observations, we have

y | ŷ „ N pŷ, σ2INq, ŷ „ N p0,Kq, K “
1
α
ΨΨJ.

‚ Therefore the marginal of y is given by

y „ N p0,Cq C “ K` σ2IN

where the corresponding kernel is

cpxpiq, xpjqq “
1
α
kpxpiq, xpjqq ` σ2δpxpiq, xpjqq

δpx, x1q “ 1 if x “ x1 and δpx, x1q “ 0 otherwise.
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Gaussian processes for regression: predictive distributions

‚ Denote now yN “ py p1q, y p2q, . . . , y pNqq.

‚ We have the marginal of yN given by

yN „ N p0,CNq CN “ KN ` σ
2IN .

‚ This reflects the two Gaussian sources of randomness.

Goal: We want to predict for a new output y pN`1q given a new input xpN`1q.
‚ We need

ppy pN`1q | yNq

‚ Note that xp1q, . . . , xpNq, xpN`1q are treated as constants.
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Gaussian processes for regression: predictive distributions

‚ We have
yN`1 „ N p0,CN`1q CN`1 “ KN`1 ` σ

2IN`1

where

CN`1 “

„

CN k
kJ c



.

‚ Here, c “ 1
α
kpxpN`1q, xpN`1q

q ` σ2

‚ k is a vector with entries ki “ 1
α
kpxpiq, xpN`1q

q

‚ Since the vector yN`1 is Gaussian, we easily find y pN`1q | yN .

34 / 41



Property of Multivariate Gaussian Distribution

Recall:
‚ If we have x „ N pµ,Σq with

x “
„

x1
x2



µ “

„

µ1
µ2



Σ “

„

Σ11 Σ12
Σ21 Σ22



‚ Then,
x2 | px1 “ aq „ N pm,Cq

with
m “ µ2 `Σ21Σ

´1
11 pa´ µ1q, C “ Σ22 ´Σ21Σ

´1
11 Σ12.
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Gaussian processes for regression

Recall:

yN`1 „ N p0,CN`1q, CN`1 “

„

CN k
kJ c



.

‚ Since yN`1 is multivariate Gaussian, y pN`1q | yN is also Gaussian with mean and variance

mean “ kJC´1
N yN variance “ c ´ kJC´1

N k

‚ These are the key results that define Gaussian process regression.
‚ The vector k is a function of the new test input xpN`1q.
‚ The predictive distribution is a Gaussian whose mean and variance both depend on
xp1q, . . . , xpNq, xpN`1q.
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GPs for regression

‚ The green curve is the true sinusoidal function from which the data points, shown in blue,
are obtained.

‚ The red line shows the mean of the Gaussian process predictive distribution.
‚ The shaded region corresponds to plus and minus two standard deviations.
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GPs for classification
‚ Consider a classification problem with target variables y P t0, 1u
‚ We define a Gaussian process over a function apxq and then transform the function using

sigmoid ŷpxq “ σpapxqq.
‚ We obtain a non-Gaussian stochastic process over functions ŷpxq P p0, 1q.

Left: apxq Right: ŷpxq
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GPs for classification
‚ The probability distribution over target is then given by

ppy |aq “ σpaqy p1´ σpaqq1´y , y P t0, 1u.

‚ We need to compute
ppy pN`1q | yNq

and notice that apxq is a Gaussian process but ŷpxq is not.
‚ We have aN`1 „ N p0,CN`1q, where

CN`1pxpiq, xpjqq “
1
α
kpxpiq, xpjqq.

‚ But aN is not observed, so we write

ppy pN`1q | yNq “
ż

ppy pN`1q | aN`1qppaN`1 | yNqdaN`1

‚ This is intractable. We need MCMC based methods, or numerical integration to
approximate this integral.
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GPs for classification: Illustration
‚ Illustration of GPs for classification:

‚ Left: optimal decision boundary from the true distribution in green, and the decision
boundary from the Gaussian process classifier in black.

‚ Right: predicted posterior for the blue and red classes together with the Gaussian process
decision boundary. 40 / 41



Learning the hyperparameters

‚ We didn’t do any learning other than choosing a kernel!

‚ Rather than fixing the covariance function 1
αkpx, x

1q, we may prefer to use a parametric
family of functions and then infer the parameter values from the data.

‚ Denoting the hyperparameters with θ, one can easily write down the likelihood of the
Gaussian process model.

log ppy | θq “ ´
1
2
log |CN | ´

1
2
yJC´1

N y ´
N

2
logp2πq

‚ The next step is standard: gradient based optimization, grid search etc.
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