MIDTERM EXAM - SOLUTIONS

STA 414/2104 WINTER 2026
University of Toronto

e Start: 18:15
e End: 20:15

Please check that your exam has 19 pages, including this one. The total possible number of points
is 100.

Read the following instructions carefully:

1.

Exam is closed book and internet. No calculators will be allowed during the midterm exam.
You can use an optional handwritten aid sheet - A4 (or 8.5” x 11”) double-sided.

If a question asks you to do some calculations, you must show your work for full credit.
Conceptual questions do not require long answers.

You will write your answers to each question in the space provided on the exam sheet. If you
require additional paper, simply raise your hand.

After solving each question, you should write your answers immediately. Do not wait last
minute to write them all at once.

Do not share the exam with anyone or in any platform!

Lastly, enjoy the problems!!!



1. Exponential families (11 points)

The lifetime of a piece of equipment can be modeled by a random variable X following a
Weibull distribution W(A, 1/2) with probability density function:

@) = gz e (—“f) Lso

where A > 0 is a scale parameter.

(a) (4 points) Show that this is a valid probability density function. Hint: Use the change
of variable u = \/x.

Solution: First, fy(z) = 0 for all z > 0 since exponential and square root functions
are positive. Next, we must show that §° fr(z)dz = 2/\1\/5 exp (—@) dr = 1. Let

u = /7, which implies # = u? and dz = 2udu. The limits remain 0 to oo.

J ﬁexp (—%) (2udu)=f0 %exp(*g) du=[*€XP (7%)]::f(0f1):1.

0

(b) (3 points) Write the above distribution as an exponential family, and identify its suffi-
cient statistics, natural parameter, and log-partition function.

Solution: We rewrite the pdf in the exponential family form f(x) = h(z) exp{nT(z)—

A(n)}:
I )

_ Hx>0\/1§ exp {— log(2A) — ‘f}

Matching terms:

e Sufficient Statistic: T'(z) = \/x

e Natural Parameter: n = f% which implies A\ = f%)

(
e Log-Partition Function: A(n) = log(2)\) = log (—%)

(The term ]Ix>oﬁ is the base measure h(x)).



(¢) (4 points) Assume that we observed Xi, Xs,..., X, i.i.d. random variables from this
Weibull distribution with an unknown parameter A. Find the MLE for .

Solution: The log-likelihood is:

) = X (~1opt2y) - 105 - )
1=1

1o 1<
= —nlog(2) — nlog(\) — 3 ;log(Xi) -3 Z vV Xi
Taking the derivative w.r.t A and setting to O:
ol n 1
A a e VX=0

Multiply by A%

S Y VE =0
i=1
A=Y VX = e = DIV
=1 =1



2. Graphical models (8 points)

(a) (3 points) Draw the Directed Acyclic Graph corresponding to the following factor-
ization of a joint distribution:

p(A,B,C,D,FE) = P(A)P(B|A)P(C|B)P(D|B,C)P(E|B,C, D)

Solution:

()
(2]
(©)—®)

(b) (5 points) Consider the following ”checkerboard” lattice of variables (assume it can
be extended arbitrarily far up and to the right). The arrows point up and to the



Condition on the shaded nodes (assume they are observed). Identify the set of all
unobserved nodes that are conditionally independent of the variable Bs.

Solution: Answer: All the nodes not in {A4, D1, Cs}

Justification: Applying the pruning algorithm, we remark that there is no leaf in this
graph, so we only remove the edges originating from the observed (shaded) nodes.
We then remove the arrow directions to analyze connectivity.

This results in the following graph (with one more row and column to better see what
is happening):

We can see that the only nodes that will be connected to Bz are {Ay, D1, Ca}.



3. Decision Theory (9 points)

Company A owns a tract of land that may contain oil. Due to this prospect, Company B
has offered to purchase the land. Alternatively, Company A can drill for oil itself, or enter
a joint venture. Our current belief is that the probability of finding oil is X %.

100 — X

) X
P(0Oil) = —, P(Dry) = 100

100

The management has 3 possible actions:
e A) Sell: Sell the land to Company B for a guaranteed $90,000.

e B) Drill: Drill for oil at a cost of $100,000. If oil is found, the revenue is $800,000
(net profit $700,000). If the land is dry, the cost is a loss of $100,000.

e C) Joint Venture: Enter a partnership. Company A receives a signing bonus S
which follows a uniform distribution between $60,000 and $100,000. Additionally,
Company A retains 50% of the profits (or losses) from drilling.

S ~ U(60, 000, 100, 000)

1. (5 points) For what range of probabilities X would Selling the land (Option A)
yield the highest expected profit?

Solution: We calculate the expected value (in thousands) for each option:

E[Sell] = 90

100 — X
100

E[JV] = E[S] + 0.5 x E[Drill] = 80 + 0.5(8X — 100) = 80 + 4X — 50 = 4X + 30

X
E[Drill] = £55(700) + (—100) = 7X — (100 — X) = 8X — 100

We compare Selling vs Joint Venture:

90>4X +30 = 60=>4X = X <15

We also check Selling vs Drill:

90 > 8X — 100 = 190 > 8X =— X < 23.75

Thus, if 0 < X < 15, Selling is the best option.



2. (4 points) For what range of probabilities X would the Joint Venture (Option C)
yield the highest expected profit?

Solution:  We need E[JV] > E[Sell] and E[JV] > E[Drill]. From the first
question, we know E[JV] = E[Sell] when X > 15. Now compare JV vs Drill:

4X +30 = 8X — 100

130 > 4X
325> X

Thus, if 15 < X < 32.5, the Joint Venture is the best option. (Note: For X > 32.5,
Drilling becomes the best option).



4. Simple Monte Carlo (17 points)
Imagine we have a dangerous pollution prediction model that outputs samples of
P(A1, Ay, ..., Ap|measurements)

where each A; is a Bernoulli random variable indicating whether the level of pollution is
dangerous (1) or not (0) on the ith day ahead. We are given a set of N i.i.d. samples from
this joint predictive distribution:

ag ),agl), . ,a,g,}) ~ P(Aq, Ag, ..., Ar|measurements)
agN), a(QN), ... ,a,FEFN) ~ P(Aq, Ag, ..., Ar|measurements)

A note on notation: In the questions below, you won’t need to use the indicator
function, you will simply use the random variables themselves to describe the events. For

example, agl) = 1 means that there is a dangerous level of pollution on the first day.

1. (2 points) Write an estimator for the probability that day 2 does not have a danger-
ously high level of pollution.

Solution:

1N
NZ 17(12

2. (3 points) For each of the following estimators for the probability of observing zero
days with dangerous pollution levels, state whether the estimator is unbiased. No
justification is required.

(a) Estimator 1: % Zf\il H;{:l(l — agi))
(b) Estimator 2: 0

(c) Estimator 3: []/_, (1 — agl))

Solution: only estimators 1 and 3 are unbiased.



3. (3 points) Write an estimator for the probability that there is a dangerously high
level of pollution on day 1 but not on day 3.

Solution:

1 (i)
p—N;al (1_%)

4. (5 points) Write an estimator for the probability that day 1 has a dangerously high
level of pollution given day 2 did not.

Solution: M @
Zﬁil aj (1 - a’QL )
SN (1—a)

5. (4 points) What is the variance of your estimator in question 1. as a function of N?

Solution: If p = P(As = 0 | measurements) is the true probability, the variance is
p(1—p)
e



5. Hidden Markov Models (17 points)

Given the following directed acyclic graphical model:

1. (2 points) Write the factorized joint distribution implied by this DAG (up to index

T).
Solution:
p(al,...,aT,bl,...,bT,xl,...,xT)
T T T
= p(a1) [Hp(at!atl)] [Hp(btat)] p(z1lar, br) [Hp($t|xt1;at;bt)]
t=2 t=2 t=2

2. Assuming we stop the DAG at index T, each variable a; can take one of K, states,
each variable b; can take one of Kj states, and each variable x; can take one of K,
states:

e (1 points) How many states can this set of variables take on?
Solution: (K,K,K,)", where T is the length of the chain

10



e (2 points) How many parameters are required to parameterize the joint distri-
bution?
Solution:
—a: Kg—1
— atlag—1: (T —1) x K4(K, — 1)
— bilag: T x Ko(Kp — 1)
— z1]ay, b1: K Kp(K; —1)
— x|wi—1,ae, b (T —1) x K Ko Ky(Ky, — 1)
This gives

(Ka—1)+(T—1) % Ko(Ka—1)+ T x Ko (Ky—1) + Ko Ky (K —1)+(T—1) x K Ko Ky (K —1)

e (2 points) Is by L by | a1?
Solution: Yes.

e (2 points) Is by L ba | ag?
Solution: Yes.

e (2 points) Is by L by | 217
Solution: No.

e (2 points) Is xo L b3 | 237
Solution: No.

e (2 points) Is x; L 3 | z2,a2?
Solution: Yes.

e (2 points) Is by L b3 | ag, be?
Solution: Yes.

11



6. Markov chains and their stationary distributions (16 points)

Consider a Markov chain Xy, X1, Xo, ... representing the activity of a house cat. The state
space is S = {S, E, P}, where the states represent Sleeping (S), Eating (E), and Playing
(P). The transition matrix is given by:

08 0 02
P=102 07 01
0.3 03 04

Note: The rows and columns are ordered S, E, P. For example, P; 3 = 0.2 is the proba-
bility that the cat goes from Sleeping to Playing.
1. (2 points) Draw the state diagram for this chain, labelling all the nodes and edges
with their transition probabilities.

Solution:

0.8

0.2

0.4 0.3 0.7
0.1

2. (3 points) Given the starting distribution 79 = (1/2 0 1/2) (meaning the cat starts
by Sleeping or Playing with equal probability), find the probability distribution at
time ¢t = 1.

Solution: We compute the vector-matrix product m; = moP:

0.8 0 02
(1/2 0 1/2) |02 0.7 01]=(0.55 0.15 0.3)
0.3 0.3 04

The distribution at t = 1 is 55% Sleeping, 15% Eating, and 30% Playing.

12



3. (6 points) Find the stationary distribution 7 of this Markov chain. The stationary
distribution is given as the solution to the vector equation 7P = 7 (where 7 is a row
vector).

Solution: Let 7 = (ng,mg, mp). We solve the system 7P = 7 subject to > m; = 1:

1) 0.87g +0.27g + 0.37p = g
2) Org+0.77g +0.37p = 7
3) 0.27g+0.1l7g + 047wp = wp

From (2): 0.37p = 0.37p = 7p = 7p.

Substitute into (1): 0.8mg + 0.27ng + 0.37p = 7g = 0.57p = 027y =— 7g =

2.5mp = Smg. (we would obtain the same result substituting in (3)).

Normalize: mg + g +71p =1 — %ﬂ’E +rp+7mp =1 = 457 = 1.

1 2
I
E= 45 o

5 2 2
™= PR
9°9°9

4. (5 points) Describe how to use the Metropolis-Hastings algorithm that uses this
Markov chain (as the proposal distribution) to generate draws from the uniform
distribution on {S, E, P}. Explicitly state the acceptance probability formula using
the values from matrix P. What are the moves (given by sequences of the form
x — ') that are always accepted with probability 17

2
Tp=—, T§=—
P 9a S 9

Solution: We want to sample from the target distribution mpger(z) = % for all
xz € {S, E, P}. The proposal distribution is ¢(2’'|z) = P, ..

The steps of the Metropolis-Hastings algorithm are:

(a) Initialize the state 2(9) € {S, F, P} (or select it randomly).

(b) Fort=0,1,2,...:
e Propose a candidate state 2’ from the transition matrix q(z’|z(®).
e Calculate the acceptance probability:

/ (&) [ 7 P,
A(:E(t),x,) = min (1, Trarget(¥ )a(@”|@ ))> = min (1, m)

Ttarget (x(t))Q(x/|x(t) P;L'(t)@’

e Accept the proposal with probability A(z*), /) and set z(*+1) = 2/, Other-
wise, reject the proposal and set z(+1) = z(1),

The moves x — 2’ that are always accepted with probability 1 are those where
Py, = P, . Looking at the matrix P, these moves are:

e S— P: A(S,P) =min(1,0.3/0.2) = 1
e £ — P: A(E,P)=min(1,0.3/0.1) =1
e Self-transitions (S — S, E — E, P — P) are also accepted with probability 1.

We also accept S — F though it never happens in the proposal step.

13



7. Belief propagation (13 points)

Given the following graph of binary variables:

Select x2 as root. Suppose we observe z; = 0 (first state) and T3 = 1 (second state).
The node potentials are 1g(z¢) = <§), and ¥;(z;) = (1) for all other ¢ # 6. The edge
potentials depend on the specific edge:

e For edges connected to the root (edges 2 — 1,2 — 3,2 — 5):

wroot(x%xi> = (i ;)

e For the bottom edge (5 — 6, 3 — 4):

1 1
wbottom = (1 1)

1. (3 points) Calculate the message from the observed node 3 to the root 2: mg_2(z2).

Solution: The edge is 9 — x3, so the potential is ¥ (x2, x3). Since z3 is observed as
state 1 (the second index), we must take the second column of the root potential.

m3—2(x2) = ¥i(Z3)Vroot(¥2, 23 = 1) = (;)

14



2. (5 points) Calculate the message ms_,2(x2).
Solution:

Step 1: Message 6 — 5. Arrow is x5 — xg, so potential is (x5, z¢). We sum over
6.

Me—5(25) = Y Prottom (%5, 6 )16 ()

-G )0 -0n)-6)

The message is uniform and does not bring any information, which is expected as
we just eliminated an unobserved leaf variable. So, we also accept answers starting
directly with Step 2.

Step 2: Message 5 — 2. Arrow is 3 — x5, so potential is V0t (22, x5). We sum
over Ts.

M52(T2) = O root (T2, 5) 05 (25)me 5 (w5)

z5
(2 OV [() o (B)] = (2#3+1%3) _ (9
S\l 3 1 3/ \1x3+3%3) \12
3. (5 points) Calculate the normalized posterior p(z2|Z1, Z3).

Solution: We need to combine messages from all neighbors (x1, z3, x5).

1. From observed x; = 0 (first state): Take the first column of ¥,

i~ ()

2. From observed x3: Calculated in Q1.

m3_a(w2) = <:1))>

3. From branch x5: Calculated in Q2.

9
Unnormalized Belief:

- () (o (o (2)- (-20) - ()

Sum = 18 + 36 = 54.
Normalized:

o 18 o 36
p(a?2|x1,x3) = 574 = 1/3, p(x2|x1’z3) — ﬁ _ 2/3

15



8. Rejection Sampling (9 points)

Let X be a random variable following a Gamma distribution with parameter «, where
0 < a < 1. Its probability density function is given by:

1 -1 -z
fal@) = =27 e Mg

()
We wish to simulate draws from this distribution using the Rejection Sampling method.
Consider the auxiliary (proposal) density g, (z) defined as:

ae

9a(T) = e (2% M Mocnery + € “Liz1y)

1. (4 points) Find the smallest constant C, such that f,(z) < Caga(x) for all z > 0.

Hint: Analyze the ratio or bound the term e™* on the interval (0,1) and the term

21 on the interval [1,0).

Solution: We check the inequality on the two intervals defined by the indicator
functions in g, ().

Case 1: 0 < x < 1. In this interval, g,(x)ocz® 1. We know that e=* < 1 for = > 0.
Thus:
xa—le—x < xoa—l

Case 2: x > 1. In this interval, go(z)oce ™. Since 0 < o < 1, the term a — 1 is

negative, so ! is a decreasing function. Thus, for > 1, 2*~! < 1. Thus:

xaflefm < e T

Combining these bounds, we can write:

a—1_—x a—1 —x
x e "<z ]l{0<z<1} +e 1{121}

The density fo(z) is ﬁ times the LHS. The density g,(z) is -2< times the RHS.

a+e

To satisty fo(z) < Caga(z), we substitute the densities:

1
I(a)

ae

(J;aflefx) <C

“ate (2% M gocaery + € Lizzny)

Using our derived bound, it is sufficient that:

Solving for C,, we can select:

16



. (3 points) Recall the Rejection Sampling algorithm. Describe explicitly the steps to
generate a single realization X ~ f, using independent draws from g, and a Uniform

distribution.

Solution:

(a) Generate Y from the proposal distribution g,.
(b) Generate U ~ U[0, 1] independent of Y.
(c) Accept Y as a realization of X if:

f(l (Y)

R Caga(y>

(d) If the condition is not met, reject Y and return to Step 1 (repeat until accep-

tance).

. (2 points) Let 7 be the number of draws (iterations) before we accept the first sample.
What is the distribution of 7 and what is its expected value E[7] as a function of a?

Solution: The number of trials 7 follows a Geometric distribution with success

parameter p = CL

The expected number of iterations is:

17
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